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Abstract
In this paper we define an orientation of a measured Gromov-Hausdorff limit space
of Riemannian manifolds with uniform Ricci bounds from below. This is the first obser-
vation of orientability for metric measure spaces. Our orientability has two fundamen-
tal properties. One of them is the stability with respect to noncollapsed sequences.
As a corollary we see that if the cross section of a tangent cone of a noncollapsed
limit space of orientable Riemannian manifolds is smooth, then it is also orientable
in the ordinary sense, which can be regarded as a new obstruction for a given man-
ifold to be the cross section of a tangent cone. The other one is that there are only
two choices for orientations on a limit space. We also discuss relationships between
L2-convergence of orientations and convergence of currents in metric spaces. In par-
ticular for a noncollapsed sequence, we prove a compatibility between the intrinsic
flat convergence by Sormani-Wenger, the pointed flat convergence by Lang-Wenger,
and the Gromov-Hausdorff convergence, which is a generalization of a recent work by
Matveev-Portegies to the noncompact case. Moreover combining this compatibility
with the second property of our orientation gives an explicit formula for the limit
integral current by using an orientation on a limit space. Finally dualities between de
Rham cohomologies on an oriented limit space are proven.
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1 Introduction
1.1 Main results
In this paper we discuss orientability of Ricci limit spaces. A pointed metric measure space
(X,x,m) is said to be a Ricci limit space if there exist n ∈ N, a sequence of pointed Rie-
mannian manifolds (Xi, xi) such that RicXi ≥ −(n− 1) and that (Xi, xi,Hn/Hn(B1(xi)))
measured Gromov-Hausdorff (written by mGH, for short) converge to (X,x,m), (denoted
by (Xi, xi,Hn/Hn(B1(xi))) GH→ (X,x,m), for short), where Hn is the n-dimensional Haus-
dorff measure (we usually fix n as the dimension of a manifold). Our goals are to define
an orientation of (X,x,m) and to establish nice properties.
First let us recall the definition of an orientation of a smooth n-dimensional Riemannian
manifoldM . We say thatM is orientable if there exists a top-dimensional differential form
ω ∈ L∞(∧n T ∗M) with the following two conditions;
1. (Normalization) |ω| ≡ 1 on M ,
2. (Smooth regularity) ω is smooth.
Then ω is said to be an orientation of M . Of course there are only two choices for
orientations, let us call this property the uniqueness of orientations for short.
It is well-known that this definition is equivalent to the ordinary one on a smooth
manifold, i.e. there exists a smooth atlas {(Ui, ϕi)}i of M such that the Jacobi matrix
J(ϕj ◦ (ϕi)−1) of each transition map ϕj ◦ (ϕi)−1 is positive determinant.
Next let us discuss the Ricci limit case, (X,x,m). Cheeger-Colding proved in [CC00b]
that X is m-rectifiable. This allows us to consider the vector bundle
∧l T ∗X. In particular
l-dimensional differential forms η(z) ∈ ∧l T ∗zX on X make sense for a.e. z ∈ X. Note that
each fiber
∧l T ∗zX has the canonical inner product.
Recently Colding-Naber proved in [CN12] that there exists k ∈ {0, 1, . . . , n}, denoted
by dimX, such that for a.e. z ∈ X all tangent cones at z of (X,x,m) are isometric to
Rk. This allows us to define top-dimensional differential forms ω(z) ∈ ∧k T ∗zX for a.e.
z ∈ X. In particular there is a top-dimensional differential form ω ∈ ∧k T ∗X such that
|ω(z)| = 1 for a.e. z ∈ X. Note that there are uncountably many such differential forms.
For example for any a ∈ [0, π], a differential 1-form (1[0,a]−1(a,π])dt on ([0, π],H1/π) gives
such an example, where 1A denotes the indicator function of A. See also subsection 6.1.
2
The difficulty to define the orientablity of (X,x,m) is to find a condition of a kind of
smooth regularity (2) above for such differential forms because since each fiber of
∧k T ∗X
is well-defined only on a Borel subset of the regular set of (X,x,m), we can not discuss
the continuity of a differential form in the ordinary sense. For example it is known that
there is a noncollapsed GH-limit space of Riemannian manifolds whose setional curvature
bounded below by 0 such that the singular set of the limit space is dense. See Example
(2) in page 632 of [OS94] by Otsu-Shioya.
In order to overcome the difficulty we use test functions as follows; let us denote by
TestF (X) the set of bounded Lipschitz functions f such that f ∈ H1,2(X) and that f is in
the domain of the Dirichlet Laplacian ∆ on X with ∆f ∈ H1,2(X), where H1,2(X) is the
Sobolev space for functions on X. Note that TestF (X) is dense in H1,2(X) (in particular
it is also dense in L2(X)). This is a key notion in the theory of RCD-spaces (c.f. [G15b]
by Gigli).
We are now in a position to give the definition of the orientability of (X,x,m) as
follows;
Definition 1.1 (Orientation, Definition 6.3). We say that a top-dimensional differential
form ω ∈ L∞(∧k T ∗X) is an orientation if the following two conditions hold;
1. (Normalization) |ω(z)| = 1 for a.e. z ∈ X,
2. (Regularity) 〈ω, f0df1 ∧ · · · ∧ dfk〉 ∈ H1,2(X) for any fi ∈ TestF (X).
The regularity condition above plays a role of a kind of the smooth regularity (2) above.
In fact we prove the following uniqueness;
Theorem 1.2 (Uniqueness). If ω1, ω2 are orientations of (X,x,m), then we have either
ω1(z) = ω2(z) for a.e. z ∈ X, or ω1(z) = −ω2(z) for a.e. z ∈ X.
Moreover we will prove that our orientability is compatible with the smooth case. For
example if (X,x,m) satisfies that X is isometric to a k-dimensional smooth Riemannian
manifold with m =
∫
efdHk for some locally H1,2-Sobolev function f on X, then (X,x,m)
is orientable in the sense above if and only if X is orientable in the ordinary sense. See
Propositions 6.11 and 6.12.
Let us discuss two examples of metric spaces with probability measures;
1.
(
[0, π], 1πH1
)
,
2.
(
[0, π], 12
∫
sin tdt
)
.
It is easy to check that these are (collapsed) mGH-limit spaces of sequences of Riemannian
metrics on the 2-dimensional sphere S2 with canonical probability measures, whose sec-
tional curvature bounded below. In particular these are (non-pointed) Ricci limit spaces.
We will check that these are orientable in the sense above, in fact, the canonical 1-form
ω := dt gives an orientablity in both cases. However their proofs are different. For the
first example, Fourier expansion plays a key role in the proof. For the second one, a key
point in the proof is a fact that the capacity of the singular set, {0, π}, is zero (note that
the capacity of {0, π} in the first example is not zero). See Remarks 6.17 and 6.18.
Next we introduce the stability of orientability. For that let us start to observe following
two examples of noncollapsing/collapsing sequences;
3. (RP 2, rgRP 2, p,
1
H2(Brd1 (p))
H2) GH→ (R2, gR2 , 0n, 1H2(B1(0n))H2) as r ↑ ∞, where gRP 2, gR2
are canonical Riemannian metrics on RP 2,R2, respectively,
3
4. let {±1} act on S2(1) × S2(1) by (−1) · (z,w) := (−z,−w), let M := (S2(1) ×
S1(1))/{±1} and let gM,r := (gS2(1) + r2gS1(1))/{±1} be the canonical quotient
Riemannian metric on M for any r ∈ (0,∞), where S2(1) := {x ∈ R3; |x| = 1},
gS2(1) is the canonical Riemannian metric on S
2(1). Then (M,gM,r, 1H4(M)H4)
GH→
(RP 2, dRP 2,
1
2πH2) as r ↓ 0.
The example 3 tells us that in general the limit space of a sequence of non-orientable spaces
is not non-orientable, i.e. the non-orientability is not stable under mGH-convergence even
if the sequence is noncollapsed. The final example tells us that if the sequence is collapsed,
then in general the orientability is not stable under mGH-convergence.
The remaining case about the possible stability for orientability is that the sequence
is noncollapsed, and consists of orientable spaces. The second main result is to give a
positive answer to this question. In order to give the precise statement, we recall the
following; for any mGH-convergent sequence of Ricci limit spaces (Yi, yi,mi)
GH→ (Y, y,m),
their dimensions are lower semicontinuous, i.e. lim infi→∞ dimYi ≥ dim Y , which was
proven in [H15]. This allows us to define the sequence (Yi, yi,mi) to be noncollapsed
by satisfying limi→∞ dimYi = dim Y . Note that this formulation is well-known and is
equivalent to satisfy lim infi→∞Hn(B1(yi)) > 0 if the sequence (Yi, yi,mi) consists of
Riemannian manifolds with canonical normalized measures.
For example it was proven in [KL15] by Kapovitch-Li that along the interior of any
limit geodesic on any Ricci limit space, same scale tangent cones gives a noncollapsed
(Hölder) continuous sequence with respect to the mGH-convergence in this sense.
The stability result is stated as follows;
Theorem 1.3 (Stability, Theorem 6.8). Let (Yi, yi,mi) be a mGH-convergent sequence of
Ricci limit spaces to (Y, y,m). Assume that this is a noncollapsed sequence and that each
(Yi, yi,mi) is orientable. Then (Y, y,m) is also orientable.
This stability result and the compatibility with the smooth case as mentioned show
the following;
Corollary 1.4. Let Z be a compact metric space whose Hausdorff dimension n − k − 1.
If there exists an open subset O of Z such that O is isometric to a non-orientable smooth
(possibly incomplete) Riemannian manifold, then the metric space (Rk × C(Z), (0k, p))
never appears as a tangent cone at a point of a noncollapsed oriented Ricci limit space,
where C(Z) is the metric cone over Z and p denotes the pole.
The sectional curvature version of this corollary is known, more strongly, Kapovitch
proved in [K02] that for any noncollapsed GH-limit space of n-dimensional Riemannian
manifolds with uniform sectional curvature bounds from below, the cross section (which is
the space of directions) of the tangent cone at any point in the limit space is homeomorhic
to a sphere of dimension n− 1.
However in the case of noncollapsed Ricci limit spaces, the corollary makes sense.
For example we can find in [DW03] by Dancer-Wang an example of an Einstein metric
on RP 6 × R4 such that the asymptotic cone is the metric cone over RP 6 × S3. This
observation is due to Hattori.
On the other hand Colding-Naber gave in [CN13] necessary and sufficient conditions
for the GH-closure of an open smooth family Ω of closed Riemannian manifolds to be the
set ΩY,p of all cross sections of all tangent cones at some point p of some noncollapsed
Ricci limit space Y , (i.e. Ω = ΩY,p). Corollary 1.4 can be regarded as a new obstruction
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for their result. In particular RP 6×S3 with any metric never appears as the cross section
of a tangent cone of a noncollapsed Ricci limit space of orientable Riemannian manifolds.
It is well-known that orientability is related to the theory of currents. In fact, even
in our setting we will establish a relationship between our orientability and the theory of
metric currents by Ambrosio-Kirchheim [AK00] (more generally, local currents by Lang
[L11] and Lang-Wenger [LW11]). In order to give the precise statement, for an orientation
ω of (X,x,m), let Tω be a functional defined by
Tω(f0, f1, . . . , fk) :=
∫
X
〈ω, f0df1 ∧ · · · ∧ dfk〉dm
for any Lipschitz functions fi on X, where one of them has a compact support. Note
that Tω is a locally integral metric current with ∂Tω = 0 in the sense of [L11, LW11] if
X is isometric to a k-dimensional smooth Riemannian manifold with m = Hk. However
for general Ricci limit spaces, Tω is not an integral current. For example, the space(
[0, π], 12
∫
sin tdt
)
in example 2 above, for any c ∈ R>0, cTdt is not integral current, but
it is a metric current.
Recall that it was proven in [CC97] that if a sequence of n-dimensional Riemannian
manifolds (Zi, zi) with RicZi ≥ −(n − 1) GH-converge to a metric space (Z, z) and the
sequence is noncollapsed (i.e. lim infi→∞Hn(B1(zi)) > 0 is satisfied), then it is also a
mGH-convergent sequence with respect to the n-dimensional Hausdorff measure, that is,
(Zi, zi,Hn) GH→ (Z, z,Hn) with Hn(B1(z)) > 0. Thus we always consider n-dimensional
Hausdorff measures Hn instead of normalized one Hn/Hn(B1(zi)) as reference measures
whenever the sequence of Riemannian manifolds is noncollpased.
Theorem 1.5 (Relation to metric currents, Theorem 6.22). Let (Zi, zi,Hn) be a sequence
of oriented n-dimensional Riemannian manifolds with RicZi ≥ −(n − 1) and their orien-
tations ωi ∈ C∞(∧n T ∗Zi), let (Z, z,Hn) be the noncollapsed mGH-limit space with the
orientation ω ∈ L∞(∧n T ∗Z) associated with ωi (note that it makes sense by Theorem
1.3). Then we see that Tω is a locally integral current, that the multiplicity of Tω is one,
that ∂Tω = 0, and that Tωi converge to Tω in the following sense;
lim
i→∞
Tωi(f0,i, f1,i, . . . , fn,i) = Tω(f0, f1, . . . , fn) (1.1)
whenever the following hold;
1. (Uniform convergence) fj,i ∈ LIPloc(Xi) converge uniformly to fj ∈ LIPloc(X) on
each compact subset of X, where LIPloc denote the set of all locally Lipschitz func-
tions,
2. (Uniform Lipschitz bound) Lipschitz constants Lip(fj,i|BR(xi)) of fj,i on BR(xi) are
uniformly bounded for any R ∈ (0,∞), i.e. supi,j Lip(fj,i|BR(xi)) <∞,
3. (Uniform compact support) there exist j and R0 ∈ (0,∞) such that supp fj,i ⊂
BR0(xi) for any i.
This theorem with a result established in [GMS13] by Gigli-Mondino-Savaré gives
a compatibility between the GH-convergence and the pointed flat compactness theorem
given in [LW11]. Moreover applying this to the compact case gives a new approach to
prove the compatibility between the GH-convergence and the intrinsic flat convergence
introduced in [SW11] by Sormani-Wenger, which was known by Matveev-Portegies in
[MP15]. Moreover our approach gives an explicit formula of the limit integral current by
the limit orientation as in the right hand side of (1.1). See also Theorem 6.23.
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Finally we will discuss dualities of (co) homology groups for singular spaces. It is well-
known that if a smooth compact n-dimensional manifold M is orientable, then dualities
between cohomology groups, Hn−k(M) ∼= Hk(M), hold for any k. However in general
we cannot expect such dualities for singular spaces. In fact although S0 ∗ CP 2 appears
as the collapsed GH-limit of a sequence of Riemannian manifolds with uniform sectional
curvature bounds from below ([Y91, Example 1.2] by Yamaguchi) and it is oriented (in the
sense of [Mit16]), H2(S0 ∗CP 2) 6∼= H3(S0 ∗CP 2), where S0 ∗W is the spherical suspension
of W . This observation is due to [Mit16] by Mitsuishi.
However we can prove dualities in a special case, which includes noncollapsed GH-limits
of Einstein manifolds as typical examples:
Theorem 1.6 (Duality, Theorems 7.7 and 7.8). Let Xi be a sequence of oriented n-
dimensional compact Riemannian manifolds with |RicXi | ≤ n − 1 and their orientations
ωi ∈ C∞(∧n T ∗Xi), and let X be the noncollapsed compact GH-limit space with the ori-
entation ω ∈ L∞(∧n T ∗X) associated with ωi (recall that (Xi,Hn) GH→ (X,Hn)). Then we
have the following dualities:
1. HndR(X)
∼= Rω(∼= R ∼= H0dR(X)), where HkdR is the k-dimensional de Rham coho-
mology group as RCD-spaces introduced in [G15b].
2. Harm∞1 (R(X)) ∼= H1dR(X) ∼= Hn−1dR (X) ∼= Harm∞n−1(R(X)), where Harm∞k (R(X))
is the space of bounded weakly harmonic k-forms α on the regular set R(X) of X,
i.e. ‖α‖L∞ <∞, 〈α, η〉 ∈ H1,2(X) and∫
X
〈dα, dη〉 + 〈δα, δη〉dHn = 0
are satisfied for any η = f0df1 ∧ · · · ∧ dfk, where f0 ∈ LIPc(R(X)) and any fi ∈
TestF (X)(i = 1, 2, . . . , k). Moreover these are finite dimensional and an isomor-
phism H1dR(X) ∼= Hn−1dR (X) is given by the Hodge star operator associated with ω.
In this theorem note that it is known in [CC97] that R(X) is an open subset of X and
that it is a C1,α-Riemannian manifold for any α ∈ (0, 1). Therefore the second statement
makes sense. Moreover we can check that ω is a C1,α-harmonic form onR(X). See Remark
7.3 and Corollary 7.9.
1.2 Organization of the paper
Let us introduce key ideas to prove Theorem 1.2. Although it does not coincide with the
original proof, it might be helpful to understand that for readers.
Let ω1, ω2 be orientations of a Ricci limit space (X,x,m). Then since ωi are top-
dimensional differential forms, there exists a Borel function f : X → {−1, 1} such that
ω1 = fω2. Our goal is to prove that f is constant. For that, roughly speaking we will
establish the continuity of f along the interior of any limit geodesic γ. Then combining the
continuity with the segment inequality on X proven in [CC00b] shows that f is constant.
In order to prove the continuity of f along the interior of γ we will first prove that for
any regular point z of X, any ǫ ∈ (0, 1) and any limit harmonic function b defined on a
neighborhood of z,
r2
m(Br(z))
∫
Br(z)
|Hessb|2dm < ǫ (1.2)
holds if r is sufficiently small, where the hessian above is taken in the sense of [H14a]. The
key point is to give a quantitative estimate of (1.2) (Theorem 5.2), which is justified by
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using a blow-up argument and the behavior of the Laplacian with respect to the mGH-
convergence discussed in [AH17] by Ambrosio with the author, and in [H15].
Next we will prove the compatibility between the second-order differential culculus
established in [G15b, H14a], which allows us to prove that ωi are differentiable for a.e.
y ∈ X in the sense of [H14a] and to give a pointwise estimate;
|∇〈ωi, db1 ∧ · · · ∧ dbk〉| ≤
k∑
l=1
|Hessbl |
k∏
j 6=l
(Lipbj), (1.3)
where bl are limit harmonic functions. Then combining (1.2) with (1.3), the existence of
good splitting functions established in [CC97] and the Poincaré inequality shows
1
m(Br(z))
∫
Br(z)
∣∣∣∣∣f − 1m(Br(z))
∫
Br(z)
fdm
∣∣∣∣∣ dm < ǫ. (1.4)
This quantitative estimate (1.4) with the uniform Reifenberg property along the interior
of γ established in [CN12] yields the continuity of f along the interior of γ.
Note that precise arguments above will be done by a contradiction.
The organization of the paper is as follows. In Section 2 we recall several results on
Ricci limit spaces. In Section 3 we establish compatibilities between Lp-convergence of
tensor fields established in [H15] and Lp-convergence of derivations established in [AST17]
by Ambrosio-Stra-Trevisan. Note that in general these are not compatible (Remark 3.6).
The compatibilities we will establish (Propositions 3.3 and 3.7) allow us to use both tools
given in [AH17, H15], which will play key roles in many situations (roughly speaking,
[AH17] is about global Lp-objects, [H15] is about Lploc-objects). In Section 4 we prove the
uniqueness of second-order differential structure of (non-compact) Ricci limit spaces by
using the heat flow. In the case when the limit space is compact, this was proven in [H14b]
by using Poisson’s equation. In Section 5 we prove a quantitative estimate of (1.2). In
Section 6 we start to discuss our orientability. Section 7 covers the proof of Theorem 1.6.
Moreover for any l ∈ {n − 1, n} we will prove spectral convergence of the Hodge and the
connection Laplacians acting on l-dimensional differential forms.
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2 Preliminaries
We here introduce two useful notaions;
1. for a, b ∈ R and ǫ ∈ (0,∞), we write a = b± ǫ if |a− b| ≤ ǫ,
2. any function f : (R>0)k+m → R≥0, satisfying that
lim
ǫ1,...,ǫk→0
f(ǫ1, . . . , ǫk, c1, . . . , cm) = 0
for all fixed c1, . . . , cm ∈ R, is denoted by Ψ(ǫ1, . . . , ǫk; c1, . . . , cm) for simplicity.
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2.1 Gromov-Hausdorff convergence
Let us denote the open (closed, respectively) ball centered at a point x of a metric space
X with the radius r by Br(x)(Br(x), respectively). We usually denote by d or dX the
distance function for simplicity. We denote by LIP(X),LIPloc(X) the sets of all Lipschitz
functions on X, all locally Lipschitz functions on X, respectively. Moreover let us denote
by LIPc(X) the set of f ∈ LIP(X) whose supports are compact. For any f ∈ LIP(X) let
Lipf be the global Lipschitz constant, i.e. Lipf := supx 6=y |f(x)− f(y)|/d(x, y).
For two pointed geodesic spaces (Xi, xi)(i = 1, 2), we say that a map ϕ from BR(x1) to
X2 is a (pointed) ǫ-Gromov-Hausdorff approximation to BR(x2) if it holds that |dX1(x, y)−
dX2(ϕ(x), ϕ(y))| < ǫ for any x, y ∈ BR(x1), that dX2(ϕ(x1), x2) < ǫ and that BR(x2) ⊂
Bǫ(ϕ(BR(x1))), where Bǫ(A) denotes the open ǫ-neighborhood of a subset A.
Throughout the paper we mainly discuss proper geodesic metric spaces. Recall that a
metric space X is said to be proper if all bounded closed subset of X is compact and that
X is geodesic if for all x, y ∈ X there exists an isometric embedding γ : [0, d(x, y)] → X,
called a geodesic from x to y, with γ(0) = x and γ(d(x, y)) = y. Moreover a pair (X,m)
of such a metric space X with a Borel measure m on X satisfying suppm = X is called a
metric measure space in the paper, where suppm denotes the support of m.
We say that a sequence of pointed metric measure spaces (Yi, yi,mi) measured Gromov-
Hausdorff converge to a pointed metric measure space (Y, y,m) if there exist sequences of
positive numbers ǫi ց 0, Ri ր ∞, and of ǫi-Gromov-Hausdorff approximations ϕi from
BRi(yi) to BRi(y) such that
lim
i→∞
∫
Y
fd(ϕi)♯mi =
∫
Y
fdm
for any continuous function f on Y with compact support, where (ϕi)♯mi denotes the push-
forward measure of mi by ϕi. Then we denote by (Yi, yi,mi)
GH→ (Y, y,m) the convergence
for simplicity.
Moreover for a sequence αi ∈ Yi and a point α ∈ Y we denote αi GH→ α if limi→∞ dY (ϕi(αi), α) =
0. Note that
lim
i→∞
mi(Br(αi)) = m(Br(α))
for any r ∈ (0,∞) and any αi GH→ α if the sequence of measures mi have a uniform local
doubling constant, where this condition is satisfied by the Bishop-Gromov inequality in
the Ricci limit setting as discussed below. Note that we do not need to consider base
points if spaces we discuss are compact metric spaces. See [BBI01, CC97, F87, GR07] for
details.
We say that a pointed metric measure space (Z, z,m) is an (n-) Ricci limit space if
there exist a sequence of pointed n-dimensional complete Riemannian manifolds (Zi, zi)
with RicZi ≥ −(n− 1) such that
(Zi, zi,Hn/Hn(B1(zi))) GH→ (Z, z,m).
2.2 Structure of Ricci limit spaces
Let (X,x,m) be a Ricci limit space. We say that a pointed metric measure space (Y, y, ν)
is a tangent cone at z ∈ X if there exists a sequence ǫi ց 0 such that(
X, z, ǫ−1i d,
m
m(Bǫi(z))
)
GH→ (Y, y, ν).
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A point z ∈ X is said to be k-dimensional reular if every tangent cone at z is isometric to
(Rk, 0k,Hk/Hk(B1(0k))). Let us denote by Rk(X) the set of k-dimensional regular points
in X and let R(X) := ⋃1≤k≤nRk(X). As written below the dimension dimX of (X, d,m)
is defined by a unique k such that m(Rk) > 0.
Theorem 2.1 (Cheeger-Colding, Colding-Naber, [CC97, CC00b, CN12]). We have the
following.
1. m (X \ R(X)) = 0.
2. Let us denote by Rkτ,δ(X) the set of z ∈ X such that
dGH ((Bs(z), z), (Bs(0k), 0k)) ≤ τs
for any s ∈ (0, δ], where dGH is the Gromov-Hausdorff distance. Then Rk(X) =⋂
τ>0
⋃
δ>0Rkτ,δ(X).
3. There exists a unique k such that m
(
X \ Rk(X)
)
= 0. We call k the dimension of
X and denote it dimX.
4. X is (strong) m-rectifiable, i.e. there exist a countable family of Borel subsets Ci of
Rk(X) and a countable family of bi-Lipschitz embeddings ϕi : Ci →֒ Rk such that
m(X \ ⋃iCi) = 0 and that for any z ∈ ⋃iCi and any ǫ ∈ (0, 1) there exists i such
that z ∈ Ci and that ϕi is a (1± ǫ)-bi-Lipschitz. We call {(Ci, ϕi)}i a rectifiable atlas
of (X,x,m).
By the rectifiability above, the Jacobi matrix J(ϕi ◦ (ϕj)−1)(y) is well-defined for
a.e. y ∈ ϕj(Ci ∩ Cj). Using this property, the tangent bundle TX, more generally, the
tensor bundles T rsX :
⊗r
i=1 TX ⊗
⊗r+s
i=r+1 T
∗X are constructed. Note that each fiber is
well-defined for a.e. z ∈ X only. Their important properties include;
(⋆) each fiber has the canonical inner product 〈·, ·〉;
(∗) for any Sobolev function f ∈ H1,p(U) on an open subset U of X (see below for
the definition) there exists the differential df(y) ∈ T ∗xX for a.e. y ∈ U such that
‖f‖pH1,p = ‖f‖pLp + ‖df‖pLp .
Moreover if f ∈ LIPloc(U) ∩H1,p(U), then
|df |(z) :=
√
〈df(z), df(z)〉 = lim sup
y→z
|f(y)− f(z)|
d(y, z)
=: Lipf(z) (2.1)
for a.e. z ∈ U . Sometimes we denote by gX the metric of TX and call it the Riemannian
metric of (X, d,m). A Borel measurable function f on a Borel subset A (denoted by
f ∈ Γ0(A) for short) of X is said to be differentiable for a.e. z ∈ A if there exists a
countable family of Borel subsets Ai of A such that m(A \
⋃
iAi) = 0 and that each
restriction f |Ai is Lipschitz. Let us denote by Γ1(A) the set of such functions. Note that
for any f ∈ Γ1(A) there exist canonical sections ∇f(z) ∈ TzX, df(z) ∈ T ∗zX for a.e. z ∈ A.
We are now in a position to introduce a second-order differential structure of (X,x,m)
given in [H14a]. A rectifiable atlas {(Ci, ϕi)}i is said to be an (weakly) second-order
differential structure of (X,x,m) if each coefficient of the Jacobi matrix J(ϕi ◦ (ϕj)−1) of
each transition map ϕi ◦ (ϕj)−1 is in Γ1(ϕj(Ci ∩ Cj)) whenever Hk(ϕj(Ci ∩Cj)) > 0.
Theorem 2.2. [H14a] We have the following:
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1. Assume that a rectifiable atlas {(Ci, ϕi)}i satisfies that there exist p ∈ (1,∞), balls
Bri(yi) and Lipschitz functions ϕˆi,j on Bri(yi) such that Ci ⊂ Bri(yi) and that
the map ϕˆi := (ϕˆi,1, . . . , ϕˆi,k) coincides with ϕi on Ci and that for any i, l with
m(Ci ∩ Cl) > 0, 〈∇ϕˆi,j ,∇ϕˆl,m〉 ∈ H1,p(Bri(yi) ∩Brl(ym)). Then the rectifiable atlas
is a weakly second-order differential structure of (X,m).
2. There exists a rectifiable atlas satisfying the assumption stated in (1). In particular
there exists a weakly second order differential structure of (X, d,m). More precisely
we can take each ϕˆi as a limit harmonic map.
It will be proven later that the second-order differential structure stated in (2) above
is canonical. See Proposition 4.7.
We fix a second-order differential structure {(Ci, ϕi)}. Then using this second order
differential structure, we establish a second-order differential calculus on (X,m). In partic-
ular the Levi-Civita connection ∇gX is well-defined. In order to explain it more precisely,
a Borel measurable vector field V on A (denoted by V ∈ Γ0(TA), for short) is said to be
differentiable for a.e. z ∈ A if each coefficient of V expressed by each local patch (Cj , ϕj)
is in Γ1(A ∩ Cj). Let us denote by Γ1(TA) the set of such vector fields. Similarly the set
Γ1(T rsA) of Borel measurable tensor fields of type (r, s) on A, which are differentiable for
a.e. z ∈ A, is well-defined.
Then one of the main results in [H14a] is the following.
Theorem 2.3. [H14a] There exists a unique multi-linear map ∇gX : Γ0(TA)×Γ1(TA)→
Γ0(TA) such that the following hold (we use the standard notation; ∇gXV W := ∇gX (V,W )).
1. ∇gXf1V1+f2V2W = f1∇
gX
V1
W + f2∇gXV2 W for any Vi ∈ Γ0(TA), any fi ∈ Γ0(A) and any
W ∈ Γ1(TA).
2. ∇gXV (gW ) = V (g)W + g∇gXV W for any V ∈ Γ0(TA), any g ∈ Γ1(A), and any
W ∈ Γ1(TA).
3. ∇gXV W −∇gXW V = [V,W ] for any V,W ∈ Γ1(TA).
4. V 〈W,Z〉 = 〈∇gXV W,Z〉+ 〈W,∇gXV Z〉 for any V ∈ Γ0(TA) and any W,Z ∈ Γ1(TA).
Moreover using the Levi-Civita connection with the standard way in Riemannian ge-
ometry allows us to define the covariant derivative ∇gXT ∈ Γ0(T rs+1A) of T ∈ Γ1(T rsA) by
satisfying that
〈
∇gXT,
r⊗
i=1
Vi ⊗
s+1⊗
j=1
ωj
〉
= ω∗s+1


〈
T,
r⊗
i=1
Vi ⊗
s⊗
j=1
ωj
〉

−
r∑
i=1
〈
T, V1 ⊗ · · · ⊗ Vi−1 ⊗∇gXω∗s+1Vi ⊗ Vi+1 ⊗ · · · ⊗ Vr ⊗
s⊗
j=1
ωj
〉
−
s∑
j=1
〈
T,
r⊗
i=1
Vi ⊗ ω1 ⊗ · · · ⊗ ωj−1 ⊗
(
∇gXω∗s+1ω
∗
j
)∗ ⊗ ωj+1 ⊗ · · · ⊗ ωs
〉
for any Vi ∈ Γ1(TA) and ωj ∈ Γ1(T ∗A). Then it was proven in [H14a] that gX ∈ Γ1(T 02X)
with ∇gXgX ≡ 0. A function f ∈ Γ1(A) is said to be weakly twice differentiable (denoted
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by f ∈ Γ2(A) for short) if df ∈ Γ1(T ∗A). Then we can define the geometric Hessian of
f by HessgXf := ∇gXdf and the geometric Laplacian of f by ∆gXf := −tr(HessgXf ). By
a direct calulation for any ω ∈ Γ1(∧k T ∗A) and any fi ∈ Γ2(A) it is easy to check the
inequality;
|∇〈ω, df1 ∧ · · · ∧ dfk〉|(z) ≤ |∇gXω|(z)
∏
i
|dfi|(z) +
∑
i
|ω||HessgXfi |(z)
∏
j 6=i
|dfj |(z) (2.2)
for a.e. z ∈ A, which will play a role in the paper. Note that for any η ∈ Γ0(∧l T ∗Z),
η ∈ Γ1(∧l T ∗A) if and only if 〈η, dϕj,i1 ∧ · · · ∧ dϕj,il〉 ∈ Γ1(A ∩ Cj) for any j and any
i1, . . . , il ∈ {1, . . . , k} (similar statement for tensor fields also holds. In particular for any
g ∈ Γ0(A), g ∈ Γ2(A) holds if and only if g ∈ Γ1(A) and 〈dg, dϕj,i〉 ∈ Γ1(A ∩ Cj) hold for
all j, i).
On the other hand Gigli established in [G15b] second-order differential calculus on
RCD-spaces based on the regularity theory of the heat flow based on [AGS14a, AGS14b,
AGMR15]. It was proven in [H14b] that Gigli’s second order differential structure and
the above one are compatible on compact Ricci limit spaces. We will generalize this
compatibility to general Ricci limit spaces by using tools given in [AH17] (Proposition
4.10).
Let us define the Sobolev spaces in the Ricci limit setting (see for instance [Ch99,
Sh00, G15a] for more general setting). For an open subset U of X and any p ∈ (1,∞) we
define the Sobolev space H1,p(U) as the completion of the space of f ∈ LIPloc(U) satisfy-
ing ‖f‖Lp(U) + ‖Lipf‖Lp(U) < ∞ with respect to the norm ‖f‖H1,p(U) := (‖f‖pLp(U) +
‖Lipf‖pLp(U))1/p. As stated in (∗) recall that if f ∈ H1,p(U), then f ∈ Γ1(U) with
‖f‖H1,p(U) = (‖f‖pLp(U) + ‖df‖pLp(T ∗U))1/p. Let us denote by D(∆m, U) the set of f ∈
H1,2(U) such that there exists a (unique) g ∈ L2(U) such that∫
U
〈df, dh〉dm =
∫
U
gfdm
for any h ∈ LIPc(U). Then put ∆mf := g and call it the Dirichlet Laplacian of f .
Sometimes we denote by ∆ instead of ∆m for simplicity. See for instance section 2 of
[H15] for details in this subsection.
Finally we discuss noncollapsed Ricci limit spaces:
Theorem 2.4 (Cheeger-Colding [CC97]). Let (X,x,m) be an (n-) Ricci limit space. Then
the following five conditions are equivalent;
1. Rn(X) 6= ∅.
2. Rk(X) = ∅ for any k < n.
3. dimX = n.
4. dimHX = n, where dimH is the Hausdorff dimension.
5. m = Hn/Hn(B1(x))
We say that (X,x,m) is a noncollapsed Ricci limit space if these conditions are satisfied.
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3 Lp-convergence
In this section we discuss Lp-convergence for functions, vector fields, and more generally,
for tensor fields with respect to the mGH-convergence. These were already discussed
in [AH17, AST17, H15]. More precisely, [AH17, AST17] are on RCD(K,∞)-spaces for
global Lp-objects (i.e. R = ∞) by using the regularity theory of the heat flow and
isometric embeddings to a common metric space, and [H15] is on Ricci limit spaces for
local Lp-objects (i.e. R < ∞) with no use of such isometric embeddings. By using a
result in [GMS13] and tools on each setting in [AH17, AST17, H15], we will show several
compatibilities, which play key roles in the paper.
In order to introduce precise statements, let us fix our setting as follows. Let (Xi, xi,mi)
GH→
(X,x,m) be a mGH-convergent sequence of Ricci limit spaces. By the equivalence between
mGH-convergence and pmG-convergence established in [GMS13, Theorem 3.15], with no
loss of generality we can assume that the mGH-convergence is given by isometric embed-
dings to a common complete separable metric space X, i.e. there exist isometric embed-
dings ψi : Xi →֒ X, ψ : X →֒ X such that ψi(xi) → ψ(x) in X and that (ψi)♯mi weakly
converge to (ψ)♯m in duality with Cbs(X) which is the set of all continuous functions on
X with bounded supports, i.e.
lim
i→∞
∫
X
ϕd(ψi)♯mi =
∫
X
ϕd(ψ)♯m (3.1)
for any ϕ ∈ Cbs(X). For simplicity we identify (Xi, xi,mi) with the image by ψi, i.e.
(Xi, xi,mi) = (X, ψi(xi), (ψi)♯mi). Note that this identification allows us to write the
convergence (3.1) by
lim
i→∞
∫
Xi
ϕdmi =
∫
X
ϕdm. (3.2)
Let p ∈ (1,∞) and let us denote by Lp(T rsA) be the set of Lp-tensor fields of type (r, s)
on a Borel subset A. We first discuss the case of functions.
3.1 Compatibility in the case of functions
Definition 3.1 (Lp-convergence of functions by [AST17]). We say that a sequence fi ∈
Lp(Xi) Lp-weakly converge to f ∈ Lp(X) in the sense of [AST17] if supi ‖fi‖Lp <∞ and
fimi weakly converge to fm in duality with Cbs(X), i.e.
lim
i→∞
∫
Xi
ϕfidmi =
∫
X
ϕfdm (3.3)
for any ϕ ∈ Cbs(X). Moreover we say that fi Lp-strongly converge to f in the sense of
[AST17] if it is an Lp-weak convergent sequence to f with lim supi→∞ ‖fi‖Lp ≤ ‖f‖Lp .
Definition 3.2 (Lp-convergence of functions by [H15]). Let R ∈ (0,∞). We say that a
sequence fi ∈ Lp(BR(xi)) Lp-weakly converge to f ∈ Lp(BR(x)) in the sense of [H15] if
supi ‖fi‖Lp <∞ and
lim
i→∞
∫
Br(yi)
fidmi =
∫
Br(y)
fdm (3.4)
for any yi ∈ BR(xi) GH→ y ∈ BR(x) and any r ∈ (0,∞) with Br(y) ⊂ BR(x). Moreover we
say that fi Lp-strongly converge to f in the sense of [H15] if it is an Lp-weak convergent
sequence to f with lim supi→∞ ‖fi‖Lp ≤ ‖f‖Lp .
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Note that it was proven in [H15] that this definition is equivalent to that in [KS03]
by Kuwae-Shioya. We check the compatibility between definitions above in the case when
p = 2 only, which is enough in the paper.
Proposition 3.3 (Compatibility in the case of functions). We have the following.
1. Let fi ∈ L2(Xi) be an L2-weak (or strong, respectively) convergent sequence to
f ∈ L2(X) in the sense of [AST17]. Then fi L2-weakly (or strongly, respectively)
converge to f on BR(x) for any R ∈ (0,∞) in the sense of [H15].
2. Let R ∈ (0,∞) and let fi ∈ L2(BR(xi)) be an L2-weak (or strong, respectively)
convergent sequence to f ∈ L2(BR(x)) in the sense of [H15]. Then letting fi ≡ 0
outside BR(xi), fi L2-weakly (or strongly, respectively) converge to f in the sense of
[AST17].
Proof. Let us check (1). Assume that fi is an L2-weak convergent sequence in the sense
of [AST17]. Let yi ∈ Xi GH→ y ∈ X and let r ∈ (0,∞). Then since it is easy to check that
1Br(yi) L
q-strongly converge to 1Br(y) for any q ∈ (1,∞) in the sense of [AST17], [AST17,
(2.6)] shows
lim
i→∞
∫
Xi
fi1Br(yi)dmi =
∫
X
f1Br(y)dm
which proves (3.4). Thus fi L2-weakly converge to f on BR(x) in the sense of [H15].
Moreover if fi is an L2-strong convergent sequence in the sense of [AST17], then since it
is easy to check that fi1BR(xi) is an L
2-weak convergent sequence to f1BR(x) in the sense
of [AST17], applying [AST17, (2.6)] again shows
lim
i→∞
∫
Xi
fi1BR(xi) · fidmi =
∫
X
f1BR(x) · fdm,
which proves the L2-strong convergence of fi in the sense of [H15].
Next we prove (2). Assume that fi is an L2-weak convergent sequence on BR(x) in
the sense of [H15]. Let ϕ ∈ Cbs(X) and let ϕi = ϕ|Xi ∈ Cbs(Xi). Then since ϕi converge
uniformly to ϕ, in particular it is an Lq-strong convergent sequence in the sense of [H15]
(see for instance [H15, Remark 3.8]). Thus [H15, Proposition 3.27] yields
lim
i→∞
∫
Xi
fiϕidmi =
∫
X
fϕdm,
which proves (3.3). Thus fi L2-weakly converge to f in the sense of [AST17]. Similarly
we have the remaining implications.
3.2 Compatibility in the case of gradient vector fields
Let D be a countable dense subset of X and let Abs be the smallest set that consists of
bounded Lipschitz functions on X containing
min{d(·, x), k} with k ∈ Q ∩ [0,∞] and x ∈ D (3.5)
which is a vector space over Q and is stable under products and lattice operations. It
is a countable set and it depends only on the choice of the set D (but this dependence
will not be emphasized in our notation, since the metric space will mostly be fixed). Let
Abs be the subalgebra of functions with bounded support, and let hmQ>0Abs := {hmt f ; t ∈
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Q>0, f ∈ Abs}, where hmt (or ht for short) denotes the heat flow, i.e. it is the L2(X,m)-
gradient flow of the Cheeger energy (see for instance [AGS14a, AGS14b]). Note that
hmt f is a bounded Lipschitz function on the support suppm of m for any h
m
t f ∈ hmQ>0Abs
because the Bakry-Émery estimate on a RCD(K,∞)-space (Y, d,m) yields that (recall
that TestF (Y ) = {f ∈ D(∆, Y ) ∩ LIP(Y );∆f ∈ H1,2(Y )})
g ∈ L2(Y ) ∩ L∞(Y )⇒ htg ∈ TestF (Y ) ⊂ D(∆, Y ) ∩ LIP(Y ) ∀t > 0, (3.6)
See [AGS14b] for the proof (see also [S14]).
For each hmt f we fix an extension of the function to a function in LIPb(X) and also
denote it by the same notation hmt f . See also page 16 of [AH17].
Definition 3.4 (Lp-convergence of vector fields by [AST17]). We say that a sequence Vi ∈
Lp(TXi) Lp-weakly converge to V ∈ Lp(TX) in the sense of [AST17] if supi ‖Vi‖Lp < ∞
and 〈Vi, hmt f〉mi weakly converge to 〈V,∇hmt f〉m in duality with Cbs(X) for any hmt f ∈
hmQ>0Abs, i.e.
lim
i→∞
∫
Xi
ϕ〈Vi,∇hmt f〉dmi =
∫
X
ϕ〈V,∇hmt f〉dm (3.7)
for any ϕ ∈ Cbs(X). Moreover we say that Vi Lp-strongly converge to V in the sense of
[AST17] if it is an Lp-weak convergent sequence to V with lim supi→∞ ‖〈Vi,∇hmt f〉‖Lp ≤
‖〈V,∇hmt f〉‖Lp for any hmt f ∈ hmQ>0Abs.
Let us use the following notation: ∇rsF = ∇F1 ⊗ · · · ⊗ ∇Fr ⊗ dFr+1 ⊗ · · · ⊗ dFr+s for
F = (F1, . . . , Fr+s) ∈ (Γ1(A))r+s.
Definition 3.5 (Lp-convergence of vector/tensor fields by [H15]). Let R ∈ (0,∞). We
say that a sequence Vi ∈ Lp(T rsBR(xi)) Lp-weakly converge to V ∈ Lp(T rsBR(x)) in the
sense of [H15] if supi ‖Vi‖Lp <∞ and
lim
i→∞
∫
Br(yi)
〈Vi,∇rsrzi〉dmi =
∫
Br(y)
〈V,∇rsrz〉dm (3.8)
for any zji , yi ∈ BR(xi) GH→ zj, y ∈ BR(x), respectively, and any r ∈ (0,∞) with Br(y) ⊂
BR(x), where rzi := (rz1i , . . . , rzr+si
), rz := (rz1 , . . . , rzr+s) and rz is the distance function
from z. Moreover we say that Vi Lp-strongly converge to V in the sense of [H15] if it is
an Lp-weak convergent sequence to V with lim supi→∞ ‖Vi‖Lp ≤ ‖V ‖Lp .
Remark 3.6. We give an example which shows that in general, the definitions above for
general vector fields are not equivalent. Let us consider the following setting.
1. Let ri ↓ 0 and let S1(ri) := {x ∈ R2; |x| = ri}.
2. Define the complete separable metric d on Z :=
⊔
i S
1(ri) ⊔ {x∞} by
d(x, y) :=


2πri + 2πrj if x ∈ S1(ri), y ∈ S1(rj), i 6= j,
dS1(ri)(x, y) if x, y ∈ S1(ri),
2πri if x ∈ S1(ri), y = x∞,
where dS1(ri) is the standard length distance on S
1(ri).
3. Let (Xi,mi) := (S1(1)×S1(ri), dS1(1)×S1(ri), 14π2riH2), where dS1(1)×S1(ri) on S1(1)×
S1(ri) is the product distance, and let (X,m) := (S1(1), 12πH1).
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4. Let (X, dX) := (S1(1)×Z, dS1(1)×Z) and let ϕi, ϕ be canonical isometric embeddings
from Xi,X to X, respectively.
5. Let πi : Xi → S1(ri) be the canonical projection, let ηi be an harmonic 1-form on
S1(ri) with |ηi| ≡ 1, and let ωi = (πi)∗ηi be the induced harmonic 1-form on Xi.
Then it is easy to check that the mGH-convergence (Xi,mi)
GH→ (X,m) is given by the
isometric embeddings ϕi, ϕ in the mannar of [GMS13] and that ωi L2-weakly converge to
0 in the sense of [H15], but it is not an L2-strong convergence in the sense of [H15].
From now on we check that ωi is an L2-strong convergent sequence to 0 in the sense
of [AST17] as follows. As mentioned previously we identify (Xi,mi) with the image by ϕi.
Thus X =
⊔
iXi ⊔X.
For any f ∈ LIP(X) we take an extension of f to a function ϕf ∈ LIP(X) by ϕf (y, yi) :=
f(y), where (y, yi) ∈ S1(1) × S1(ri). Then by letting fi := ϕf |Xi ∈ LIP(Xi) it is easy to
check limi→∞ ‖∇fi‖L2(Xi) = ‖∇f‖L2 , i.e. fi,∇fi L2-strongly converge to f,∇f in the
sense of [H15], respectively. In particular by the Rellich compactness [H15, Theorem 4.9],
we see that 〈ωi, dfi〉 L2-strongly converge to 0, which means that ωi L2-strongly converge
to 0 in the sense of [AST17].
Proposition 3.7 (Compatibility in the case of H1,2-gradient vector fields). We have the
following.
1. Let fi ∈ H1,2(Xi) be an H1,2-weakly convergent sequence to f ∈ H1,2(X) in the sense
of [AH17, AST17], i.e. supi ‖fi‖H1,2 <∞ and fi L2-weakly converge to f (note that
it was proven that fi L2loc-strongly converge to f . See [GMS13, Theorem 6.3] and
[AH17, Theorems 5.7 and 7.4]). Then ∇fi L2-weakly converge to ∇f on BR(x) for
any R ∈ (0,∞) in the sense of [H15]. Moreover if fi H1,2-strongly converge to f in
the sense of [AH17, AST17], i.e. lim supi→∞ ‖fi‖H1,2 ≤ ‖f‖H1,2 , then we see that
∇fi L2-strongly converge to ∇f in the sense of [AST17] and that ∇fi L2-strongly
converge to ∇f on BR(x) for any R ∈ (0,∞) in the sense of [H15].
2. Let R ∈ (0,∞) and let fi ∈ H1,2(BR(xi)) be an H1,2-strong convergent sequence to
f ∈ H1,2(BR(x)) in the sense of [H15], i.e. fi,∇fi L2-strongly converge to f,∇f on
BR(x), respectively. Then letting ∇fi ≡ 0 outside BR(xi), ∇fi L2-strongly converge
to ∇f in the sense of [AST17].
Proof. Let us check (1). The weak convergence of ∇fi in the sense of [H15] is a direct
consequence of Proposition 3.3 and the Rellich compactness [H15, Theorem 4.9]. Thus we
assume that fi H1,2-strongly converge to f in the sense of [AH17, AST17]. Then the L2-
strong convergence of ∇fi in the sense of [AST17] follows from [AST17, Theorem 5.3] (or
[AH17, Theorem 5.6]). Moreover the continuity of gradient operators [AH17, Theorem 5.7]
yields that |∇fi| L2-strongly converge to |∇f |. In particular since 1Br(yi)|∇fi| L2-strongly
converge to 1Br(y)|∇f | whenever yi GH→ y and r ∈ (0,∞), we have
lim
i→∞
∫
Xi
1Br(yi)|∇fi| · |∇fi|dmi =
∫
X
1Br(y)|∇f | · |∇f |dm,
which proves that ∇fi L2-strongly converge to ∇f on BR(x) for any R ∈ (0,∞) in the
sense of [H15].
Next we prove (2). Let ϕ ∈ Cbs(X) and let ϕi := ϕ|Xi ∈ Cbs(Xi). Then since ϕi
converge uniformly to ϕ, in particular this is an Lq-strong convergent sequence for any
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q ∈ (1,∞) in the sense of [H15]. Thus [H15, Proposition 3.48] yields that ϕi∇fi Lp-strongly
converge to ϕ∇f on BR(x) in the sense of [H15].
On the other hand let hmt g ∈ hmQ>0Abs, let hi := hmt g|Xi ∈ LIP(Xi) and let h =
hmt g|X ∈ LIP(X). Then since hi converge uniformly to h with supi Liphi <∞, the Rellich
compactness [H15, Theorem 4.9] shows that ∇hi Lq-weakly converge to ∇h on Br(x) in
the sense of [H15] for any r ∈ (0,∞) and any q ∈ (1,∞). In particular
lim
i→∞
∫
Xi
〈ϕi∇fi,∇hi〉dmi =
∫
X
〈ϕ∇f,∇h〉dm,
which proves that ∇fi L2-weakly converge to ∇f in the sense of [AST17]. Since it it trivial
from the assumption that lim supi→∞ ‖∇fi‖L2 ≤ ‖∇f‖L2, this completes the proof.
We often say that a sequence is Lploc-strong convergent if it is an L
p-strongly convergent
sequence on BR(x) for any R ∈ (0,∞).
4 Uniqueness of second-order differential structure
4.1 Rectifiability revisited
In this subsection we recall several rectifiability results for Ricci limit spaces. Note that
these are not new, but we need precise statements later.
For a Ricci limit space (X,x,m) whose dimension is k, a locally Lipschitz map F =
(f1, . . . , fl) : BR(x)→ Rl is said to be a (δ, C)-splitting map if |∇F | ≤ C and
1
m(BR(x))
∫
BR(x)
|〈∇fi,∇fj〉 − δij | dHn < δ
are satisfied. The following was a key result in Cheeger-Colding theory.
Theorem 4.1 (Cheeger-Colding). [CC96] Let (M,p) be a pointed n-dimensional complete
Riemannian manifold with RicM ≥ −δ. If
dGH((BL(p), p), (BL(0l), 0l)) < ǫ,
then there exists a harmonic (Ψ(ǫ, δ, L−1;n,R), C(n))-splitting map b := (b1, . . . ,bl) :
BR(p)→ Rl.
Moreover a map F is said to be a limit harmonic map if there exist a sequence of
Riemannian manifolds (Xi, xi,mi) with RicXi ≥ −(n − 1), and a sequence of harmonic
maps Fi : BR(xi)→ Rk such that (Xi, xi,mi) GH→ (X,x,m) and that Fi converge uniformly
to F . Note that the continuity of the Laplacian with respect to the mGH-convergence
[H15, Theorem 1.3] yields that each fi is harmonic, i.e. F is also a harmonic map.
Corollary 4.2. Let τ, s ∈ (0, 1) and let y ∈ Rkτ,δ(X). Then for any s ∈ (0,min{τ1/2, δ}]
there exists a limit harmonic (Ψ(s, τ ;n), C(n))-splitting map b : Bs(y)→ Rk.
Proof. By rescaling; d 7→ d˜ := (τ)1/2sd we have dGH(Bd˜τ−1/2(y), y), (Bτ−1/2(0k), 0k)) < τ1/2.
By using this with Theorem 4.1 and the continuity of the Laplacian with resepct to the
mGH-convergence [H15, Theorem 1.3] it is easy to check the assertion.
Let us recall the following.
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Theorem 4.3. [H11, Theorem 3.4] Let A be a Borel subset of X, let l ∈ {1, 2, . . . , k} and
let {fi}i=1,...,l be a family of Lipschitz functions on X. Assume that det(〈∇fi,∇fj〉(z))ij >
0 for a.e. z ∈ A. Then there exist a countable family of Borel subsets Ai of A, a family
of points xi ∈ A, and a family of points yi,j ∈ X such that the following hold;
1. m (A \⋃iAi) = 0,
2. for any z ∈ ⋃iAi and any ǫ ∈ (0, 1) there exists i such that z ∈ Ai and that the map
ϕi : Ai → Rk defined by
ϕi :=
(
(f1, . . . , fl)(〈∇fj ,∇fk〉(xi))−1/2jk , d(yi,1, ·), . . . , d(yi,k−l, ·)
)
is a (1± ǫ)-bi-Lipschitz embedding.
Remark 4.4. From the proof of Theorem 4.3 we can take limit harmonic functions instead
of distance functions d(yi,j, ·).
Note that the following can be checked directly along the original proof of (4) of
Theorem 2.1 by Cheeger-Colding. However for reader’s convenience, we give a sketch of
the proof by using results above. This will play a key role in next subsection. See proofs
of [CC00b, Theorems 5.5 and 5.7].
Theorem 4.5 (Cheeger-Colding [CC00b]). There exists a rectifiable structure {(Ci, ϕi)}i
of (X,m) such that the following hold;
1. each ϕi is the restriction to Ci of a limit harmonic map ϕ˜i defined on a ball Bri(yi)
which contains Ci with |∇ϕ˜i| ≤ C(n).
2. for any z ∈ ⋃i Ci and any ǫ ∈ (0, 1) there exists i such that z ∈ Ci, that ϕi is a
(1± ǫ)-bi-Lipschitz embedding, that
1
m(Bri(yi))
∫
Bri(yi)
|〈∇ϕ˜i,j ,∇ϕ˜i,k〉 − δjk| dm < ǫ (4.1)
and that
m(Ci)
m(Bri(yi))
≥ 1− ǫ. (4.2)
Proof. Let y ∈ Rkτ,δ and let s ∈ (0,min{τ1/2, δ}). Then by Corollary 4.2 there exists
a limit harmonic (Ψ(δ, τ ;n), C(n))-splitting map b = (b1, . . . ,bk) on Bs(y). For this
Ψ = Ψ(δ, τ ;n) let Ai,j := {w ∈ Bs(y); |〈∇bi,∇bj〉(y)−δij | < (Ψ)1/2} and let A := ⋂i,j Ai,j.
Then
m(Bs(y) \ A)
m(Bs(y))
≤
∑
i,j
1
(Ψ)1/2m(Bs(y))
∫
Ai,j
|〈∇bi,∇bj〉 − δij | dm ≤ n2(Ψ)1/2. (4.3)
Let z ∈ Leb (1A)∩⋂i,j Leb (〈∇bi,∇bj〉), where Leb (g) := {w; limr→∞ 1m(Br(w)) ∫Br(w) |g−
g(w)|dm = 0} for a Borel measurable function g. Then applying Theorem 4.3 for A∩Br(w)
and b|A∩Br(w) for any sufficiently small r ∈ (0, 1) yields that there exist a countable family
of Borel subsets Ai ⊂ A ∩ Br(w) and a family of points xi ∈ A ∩ Br(w) such that the
following hold;
1. m((A ∩Br(w)) \⋃iAi) = 0;
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2. for any ǫ ∈ (0, 1) and any z ∈ ⋃iAi there exists i such that z ∈ Ai and that the map
ϕi : Ai → Rk defined by
ϕi =
(
(b1, . . . ,bk)(〈∇bl,∇bm〉(xi))−1lm
)
is a (1± ǫ)-bi-Lipschitz embedding.
Since |(〈∇bi,∇bj〉)ij − (δij)ij | < n2Ψ on A and ǫ, τ, δ, r are arbitrary, we conclude.
4.2 The canonical second-order differential structure
The main technical tool we will use in this subsection is the heat flow ht associated with
the Laplacian ∆. See [AGS14a, AGS14b, AGMR15] for details of the regularity theory.
Let us recall the definition of the Hessian of a test function defined in [G15b] by Gigli
only in the Ricci limit setting (note that the Hessian in the sense of [G15b] is well-defined
on RCD(K,∞)-spaces).
Let (X,x,m) be a Ricci limit space and letW 2,2(X) be the set of f ∈ H1,2(X) satisfying
that there exists a unique T ∈ L2(T 02X), denoted by Hessmf , such that
2
∫
X
g0 〈T, dg1 ⊗ dg2〉 dm =
∫
X
−〈∇f,∇g1〉(〈∇g0,∇g2〉 − g0∆g2)dm
−
∫
X
〈∇f,∇g2〉(〈∇g0,∇g1〉 − g0∆g1)dm
−
∫
X
g0 〈∇f,∇〈∇g1,∇g2〉〉 dm
for any gi ∈ TestF (X) (recall TestF (X) := {f ∈ D2(∆,X) ∩ LIP(X) ∩ L∞(X);∆f ∈
H1,2(X)}). Then it was proven in [G15b] that TestF (X) ⊂ D2(∆,X) ⊂ W 2,2(X), that
W 2,2(X) is a Hilbert space equipped with the norm ||f ||W 2,2 := (||f ||2H1,2 + ||Hessmf ||2L2)1/2,
and that
Hessmf (∇g1,∇g2) =
1
2
(〈∇g1,∇〈∇f,∇g2〉〉+ 〈∇g2,∇〈∇f,∇g2〉〉 − 〈∇f,∇〈∇g1,∇g2〉〉)
for any f, gi ∈ TestF (X) ([G15b, Proposition 3.3.22]).
Lemma 4.6. For all f, g ∈ D(∆, BR(x))∩LIPloc(BR(x)) we have 〈∇f,∇g〉 ∈ H1,2(Br(x))
for any r ∈ (0, R).
Proof. This is a direct consequence of the regularity theory of the heat flow as follows. By
using a good cutoff on a limit space (c.f. [H15, Corollary 4.29]) with no loss of generality
we can assume that f, g ∈ D(∆,X) ∩ LIPc(X). Let us consider a function 〈∇htf,∇htg〉
for t ∈ (0, 1). Then since htf, htg ∈ TestF (X), by Bakry-Émery estimates and Bochner’s
inequality [G15b, Corollary 3.3.9], we have 〈∇htf,∇htg〉 ∈ H1,2(X) with
‖∇〈∇htf,∇htg〉‖L2(X) ≤ ‖∇htf‖L∞(X)‖Hessmhtg||L2(X) + ‖∇htg‖L∞(X)‖Hessmhtf‖L2(X)
≤ et(n−1)‖∇f‖L∞(X)
(∫
X
(
(∆htf)
2 + (n− 1)|∇htf |2
)
dm
)1/2
+ et(n−1)‖∇g‖L∞(X)
(∫
X
(
(∆htg)
2 + (n− 1)|∇htg|2
)
dm
)1/2
.
Then since the right hand side above is bounded with respect t ∈ (0, 1), letting t ↓ 0 gives
〈∇f,∇g〉 ∈ H1,2(X), which completes the proof.
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Proposition 4.7 (Uniqueness of second-order differential structure). Let {(Ci, ϕi)}i be a
rectifiable structure of (X,x,m). Assume that
• for any ϕi there exist ri ∈ (0,∞), xi ∈ X and ϕ˜i,j ∈ D2(∆, Bri(xi))∩LIPloc(Bri(xi))
such that Ci ⊂ Bri(xi) and that ϕ˜i,j |Ci ≡ ϕi,j , where ϕi = (ϕi,1, . . . , ϕi,k).
Then {(Ci, ϕi)}i is a second-order differential structure of (X,x,m).
Proof. It is a direct consequence of Lemma 4.6, [H14a, Proposition 3.25] and a fact that
all Sobolev functions are differentiable for a.e. as mentioned in subsection 2.2. See also
[H14b, Theorem 4.11].
We call {(Ci, ϕi)}i as above a canonical second-order differential structure and always
consider it whenever we discuss second-order differential calculus.
Theorem 4.8 (Second-order differential structure by test functions). There exists a canon-
ical second order differential structure {(Ci, ϕi)}i of (X,x,m) such that each ϕi,j is the
restriction of a function ϕ˜i,j ∈ TestF (X) to Ci.
Proof. Since the proof is essentially same to that of Theorem 4.5 (or [H11, Theorem 3.4])
we only give a sketch of that as follows.
Fix ǫ ∈ (0, 1) and choose a rectifiable patch (Ci, ϕi) such that ϕi is a (1±ǫ)-bi-Lipschitz
embedding and that each ϕi is the restriction to Ci of a limit harmonic map ϕ˜i,j defined
on a ball Bri(yi) satisfying (4.1) and (4.2). With no loss of generality we can assume that
each ϕ˜i,j is a restriction to Bri(yi) of a function ψi,j ∈ LIPc(X).
Then for any sufficiently small t ∈ (0, 1) since
1
m(Bri(yi))
∫
Bri(yi)
|〈∇htψi,j,∇htψi,k〉 − δjk| dm < ǫ,
if let At :=
⋂
j,k{z ∈ Bri(yi); |〈∇htψi,j ,∇htψi,k〉(z) − δij | < ǫ1/2}, then by an argument
similar to (4.3) for some j, k
m(Bri(yi) \ At)
m(Bri(yi))
≤ n2ǫ1/2.
Then applying Theorem 4.3 as A = At and fj = ψi,j for sufficiently small ǫ, t completes
the proof.
The following is a direct consequence of Theorem 4.3.
Corollary 4.9. If a tensor T of type (r, s) on a Borel subset A of X satisfies that
〈T,∇rsF 〉 ∈ Γ1(A) for any F := (F1, . . . , Fr+s) ∈ (TestF (X))r+s, then T ∈ Γ1(T rsA). In
particular if T is defined on a ball BR(y) satisfying that for any F as above, 〈T,∇rsF 〉 ∈
H1,p(BR(y)) holds for some p ∈ (1,∞), then T ∈ Γ1(T rsBR(y)).
Proposition 4.10 (Compatibility between Hessians). Let f ∈ D(∆,X). Then we have
the following;
1. f ∈ Γ2(X), i.e. f is twice diferentiable for a.e. y ∈ X with HessgXf (y) = Hessmf (y)
for a.e. y ∈ X,
2. if (X,x,m) is a noncollapsed Ricci limit space, then −tr(HessgXf ) = ∆f . In particular
D(∆,X) = H2,2(X).
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Proof. Since the proofs are essentially same to that of [H14b, Theorem 1.9], we only give
a skech of the proof of (1).
Let (Xi, xi,mi) be an approximate sequence of (X,x,m), i.e. it is a sequence of n-
dimensional Riemannian manifolds with RicXi ≥ −(n − 1) such that (Xi, xi,mi) GH→
(X,x,m). We take a sequence gi ∈ L2(Xi) L2-strongly converging to f on X. Then
by the H1,2-strong convergence for the heat flow [AH17, (4.6), Corollary 5.5], for any
t ∈ (0, 1) we see that htgi strongly converge to htf in H1,2 and that ∆htgi L2-weakly
converge to ∆htf on X. In particular by the continuity of the Laplacian with respect to
the mGH-convergence [H15, Theorem 1.3] (c.f. [H14b, Theorem 4.11]), for any R ∈ (0,∞)
we see that htf is twice differentiable for a.e. z ∈ X, that HessgXihtfi L2-weakly converge to
HessgXhtf on BR(x) and that |∇htf |2 ∈ H1,pn(BR(x)) with
‖HessgXhtf‖L2(BR(x)) + ‖|∇htf |2‖H1,pn (BR(x)) ≤ C
(
n,R, ‖f‖L2(B2R(x)), ‖∆f‖L2(B2R(x))
)
,
(4.4)
where pn = 2n/(2n − 1).
On the other hand by the L2-weak continuity of Hessians [AH17, Theorem 10.3],
whenever gi ∈ H1,2(Xi, di,mi) are uniformly Lipschitz and strongly converge in H1,2 to
g ∈ H1,2(X, d,m), Hessmifi (∇gi,∇gi) L2-weakly converge to Hessmf (∇g,∇g). Note that
Hess
gXi
htfi
= Hessmihtfi on Xi because fi is smooth, and that for any g ∈ LIP(X) ∩H1,2(X)
there exists an approximation gi of g as above (c.f. [AH17, (10.5), Theorem 10.2]). In
particular HessgXhtf (∇g,∇g)(z) = Hessmhtf (∇g,∇g)(z) for a.e. z ∈ X for any g ∈ LIP(X) ∩
H1,2(X). From the density of TestT 02 (X) in L
2(T 02X), this shows Hess
gX
htf
(z) = Hessmhtf (z)
for a.e. z ∈ X for any t ∈ (0, 1).
For any g ∈ TestF (X) by (4.4) since 〈∇htf,∇g〉 is unifomly bounded in H1,pn(BR(x))
with respect to t ∈ (0, 1), letting t ↓ 0 shows 〈∇f,∇g〉 ∈ H1,pn(BR(x)). In particular
Corollary 4.9 yields that f is twice differentiable for a.e. z ∈ X and that HessgXf (∇g,∇g) =
〈∇g,∇〈∇f,∇g〉〉 − (1/2)〈∇f,∇|∇g|2〉 = Hessmf (∇g,∇g), which completes the proof of
(1).
5 Quantitative behavior of Hessians on regular sets
Lemma 5.1. Let us consider the following setting;
1. let δi ց 0 be a convergent sequence of positive numbers, let Li ր ∞ be a divergent
sequence of positive numbers,
2. let (Xi, xi) be a sequence of n-dimensional Riemannian manifolds with RicXi ≥
−δi(n−1), let (Xi, xi,mi) GH→ (Rk, 0n,Hk/Hk(B1(0k))), where mi = Hn/Hn(B1(xi)),
and
3. let fi be smooth functions on BLi(xi) with supi ‖∇fi‖L∞(BLi (xi)) <∞ and
lim
i→∞
‖∆fi‖L2(Br(xi)) = 0
for any r > 0.
Then
lim
i→∞
‖Hessfi‖L2(Br(xi)) = 0
for any r > 0.
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Proof. With no loss of generality we can assume that there exists f ∈ LIPloc(Rk) such
that fi converges uniformly to f on each compact subset.
Then the continuity of the Laplacian with respect to the mGH-convergence [H15, The-
orem 1.3] yields that f is harmonic on Rn and that ∇fi L2-converge strongly to ∇f on
Br(0n) for any r > 0. Since ‖∇f‖L∞(Rk) ≤ supi ‖∇fi‖L∞(BLi (xi)) < ∞, f is a linear
function on Rk. In particular |∇f | is constant on Rk. Thus the L2-strong convergence of
∇fi implies
lim
i→∞
‖|∇fi|2 − |∇f |2‖L2(Br(xi)) = 0
for any r > 0. We now take a sequence of good cut-off functions ϕi (see [CC96, Theorem
6.33]), i.e. for any r > 0 there exists ϕi ∈ C∞(Xi) such that 0 ≤ ϕi ≤ 1, that ϕi|Br(xi) ≡ 1,
that ϕi|Xi\B2r(xi) ≡ 0, and that |∇ϕi| + |∆ϕi| ≤ C(n, r). Then since Bochner’s formula
yields
−1
2
ϕi∆
(
|∇fi|2 − |∇f |2
)
≥ ϕi|Hessfi |2 − ϕi〈∇∆fi,∇fi〉 − δiϕi|∇fi|2,
integrating this on B2r(xi) gives
‖Hessfi‖2L2(Br(xi)) ≤
∫
B2r(xi)
(
1
2
|∆ϕi|
∣∣∣|∇fi|2 − |∇f |2∣∣∣+ |∆fi| |div(ϕi∇fi)|+ δi|∇fi|2
)
dmi.
Letting i→∞ with the Cauthy-Schwarz inequality completes the proof.
LetRτ,δ(X) :=
⋃
1≤k≤nRkτ,δ(X). The following is the main result in this section, which
will be used for harmonic functions later.
Theorem 5.2 (Quantitative behavior of Hessians on regular sets). For any L ∈ [1,∞),
any p ∈ (n,∞] and any ǫ ∈ (0, 1), there exists δ := δ(n, p, L, ǫ) > 0 such that the following
hold;
1. let (Xi, xi) be a sequence of n-dimensional Riemannian manifolds with RicXi ≥
−(n− 1), let (X,x,m) be the mGH-limit of (Xi, xi,mi),
2. let r ∈ (0, 1], let fi be smooth functions on Br(xi) with
sup
i
(‖∇fi‖L∞(Br(xi)) + ‖∆fi‖Lp(Br(xi))) ≤ L,
and let f be the L2-strong limit function on Br(x).
Then for any τ, s ∈ (0, δ), any y ∈ Br/2(x) ∩Rτ,s(X) and any t ∈ (0, s2), we have
t2
m(Bt(y))
∫
Bt(y)
|HessgXf |2dm < ǫ. (5.1)
Proof. By the rescaling; d 7→ r−1d, fi 7→ r−1fi, with no loss of generality we can assume
that r = 1. The proof of (5.1) is done by a contradiction. If the assertion is false, then
there exist L ∈ [1,∞), p ∈ (n,∞] and ǫ ∈ (0, 1) such that for any j there exist;
• a sequence of n-dimensional complete Riemannian manifolds (Xi,j , xi,j ,mi,j) with
RicXi,j ≥ −(n− 1),
• the mGH-limit space (Xj , xj ,mj) of (Xi,j , xi,j,mi,j),
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• a sequence of smooth functions fi,j on B1(xi,j) with supi(‖∇fi,j‖L∞(B1(xi,j))+‖∆fi‖Lp(B1(xi,j))) ≤
L,
• the L2-strong limit function fj of fi,j on B1(xj),
• real numbers τj, sj ∈ (0, j−1) and a point yj ∈ B1/2(xj) ∩Rτj ,sj(Xj) such that
t2j
mj(Btj (yj))
∫
Btj (yj)
|HessgXjfj |2dmj ≥ ǫ
for some tj ∈ (0, s2j ).
Let us consider the rescaling by t−1j ; d 7→ t−1j d, fi,j 7→ t−1j fi,j, mi,j 7→ mi,j/mi,j(Btj (xj)),
etc. Moreover we shall use the “hat”-notation after the rescaling, i.e. dˆ := t−1j d, fˆi,j :=
t−1j fi,j, etc for short. Note that for a fixed R > 0 since Rtj < sj for any sufficiently large
j, we have dGH
(
(BRtj (yj), yj), (BRtj (0k), 0k)
)
< Rτjtj, i.e.
(Xˆj , dˆ, yˆj , mˆj)
GH→
(
Rk, 0k,
1
Hk(B1(0k))H
k
)
for some k ≤ n.
Then by the lower semicontinuity of L2-norms of Hessians [H15, Theorem 1.3], we have
lim inf
i→∞
‖Hessfˆi,j‖L2(Bˆ1(yi,j)) ≥ ‖Hess
gXj
fˆj
‖L2(Bˆ1(yj)) ≥ ǫ
for yi,j
GH→ yj. Thus there exists a subsequence i(j) such that (Xˆi(j),j , dˆ, yi(j),j , mˆi(j),j) GH→
(Rk, 0k, 1Hk(B1(0k))H
k) and that
‖Hessfˆi(j),j‖L2(Bˆ1(yi(j),j)) ≥ ǫ/2. (5.2)
On the other hand since supj ‖∇fˆi(j),j‖L∞(Bˆ1/(2tj )(yi(j),j)) < ∞, RicXˆi(j),j ≥ −τjt
2
j(n − 1)
and ∫
BˆR(yi(j),j)
|∆fˆi(j),j|2dmi(j),j =
(tj)2
Hn(BRtj (yi(j),j))
∫
BRtj (yi(j),j )
|∆fi(j),j|2dHn
≤ (tj)2
(
Hn(BRtj (yi(j),j))
)−2/p ‖∆fi(j),j‖Lp(B1(xi(j),j ))
≤ C(n)(tj)2(Rtj)−(2n)/p‖∆fi(j),j‖Lp(B1(xi(j),j )) → 0
as j →∞ for any R ∈ (0,∞), Lemma 5.1 yields
lim
j→∞
‖Hessfˆi(j),j‖L2(Bˆ1(yi(j),j)) = 0,
which contradicts (5.2). Thus we have (5.1).
6 Orientability of Ricci limit spaces
6.1 Oriented atlas
Let (X,x,m) be a Ricci limit space whose dimension is k.
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Definition 6.1 (Orientations as rectifiable metric measure space). We say that a rectifi-
able atlas {(Ci, ϕi)}i of (X,x,m) is oriented if
det J
(
ϕi ◦ (ϕj)−1
)
(z) > 0
for a.e. z ∈ ϕj(Ci∩Cj) for all i, j. We say that two oriented rectifiable atlases {(Cji , ϕji )}i(j =
1, 2) are equivalent if {(C1i , ϕ1i )}i ∪{(C2i , ϕ2i )}i is also oriented. We denote by O(X,m) the
set of all equivalence classes [{(Ci, ϕi)}i].
It is not hard to check the following (see the proof of [H14a, Lemma 3.5]).
Lemma 6.2. We have the following.
1. Let ω ∈ L∞(∧k T ∗X) with |ω|(z) = 1 for a.e. z ∈ X. Then for any Borel subset C
of X and any ǫ ∈ (0, 1) there exists a countable family of pairwise disjoint rectifiable
patches (Ci, ϕi) such that Ci ⊂ C, that m(C \ ⋃i Ci) = 0, that the orientation of
each (Ci, ϕi) is compatible with ω, i.e. 〈ω, dϕi,1 ∧ · · · ∧ dϕi,k〉(z) > 0 for a.e. z ∈ Ci,
and that ϕi is an (1± ǫ)-bi-Lipschitz embedding. Moreover we can take each Ci as a
compact subset.
2. Let {(Ci, ϕi)}i be a rectifiable atlas of (X,x,m) and let {Ci,j}j be countable families
of Borel subsets Ci,j of Ci with m
(
Ci \⋃j Ci,j) = 0. Then there exist families {Di,j}j
of Borel subsets Di,j of Ci,j such that m (Ci,j \Di,j) = 0 and that {(Di,j , ϕi|Di,j )}i,j
is a rectifiable atlas of (X,x,m).
Let us take ω ∈ L∞(∧k T ∗X) with |ω(z)| = 1 for a.e. z ∈ X. Then we define an
oriented rectifiable atlas (associated with ω) as follows. We first fix a rectifiable atlas
{(Ci, ϕi)}i of (X,x,m). Let C+i := {z ∈ Ci; 〈ω, dϕi,1 ∧ · · · dϕi,k〉(z) > 0}, let C−i := {z ∈
Ci; 〈ω, dϕi,1 ∧ · · · dϕi,k〉(z) < 0}, let ϕ+i := ϕi and let ϕ−i := (ϕi,2, ϕi,1, ϕi,3, ϕi,4, . . . , ϕi,k).
Then applying Lemma 6.2 for {(C+i , ϕ+i )}i∪{(C−i , ϕ−i )}i gives an oriented rectifiable atlas.
We denote by Aω the atlas. Then it is easy to check the map: ω 7→ [Aω] is well-defined
from the space {ω ∈ L∞(X); |ω(z)| = 1 for a.e.z ∈ X} to O(X,m) and that it is bijective.
From this observation we see that there are uncountable many equivalence classes of
oriented, rectifiable atlases. In the next subsection we will discuss main orientability in
the sense of Ricci limit space.
6.2 Definition and Properties
We first recall test differential forms introduced in [G15b]: TestFormk(X) := {
∑N
i=1 f0,idf1,i∧
· · ·∧dfk,i;N ∈ N, fj,i ∈ TestF (X)}, which is dense in L2(
∧k T ∗X). Let us reformulate the
definition of orientability by using test differential forms. Let (X,x,m) be a Ricci limit
space whose dimension is k
Definition 6.3 (Orientability). We say that (X,x,m) is orientable if there exists ω ∈
L∞
(∧k T ∗X) such that |ω|(z) = 1 for a.e. z ∈ X and that
〈ω, η〉 ∈ H1,2(X) (6.1)
for any η ∈ TestFormk(X). Then we call ω an orientation of (X,x,m).
Proposition 6.4. Let ω ∈ L∞(∧k T ∗X) with |ω|(z) = 1 for a.e. z ∈ X. Then ω is an
orientaion of (X,x,m) if and only if
〈ω, df1 ∧ · · · ∧ dfk〉 ∈ H1,2(X) (6.2)
for any fi ∈ TestF (X).
23
Proof. It is easy to check the proof of the ‘only if’ part. Assume that |ω|(z) = 1 for a.e.
z ∈ X and (6.2) are satisfied. Take a sequence ϕj ∈ LIPc(X) such that 0 ≤ ϕj ≤ 1, that
ϕj ≡ 1 on Bj(x), that suppϕj ⊂ Bj+1(x), and that |∇ϕj | ≤ 1. Then since (3.6) yields
htϕj ∈ TestF (X), we see that by definition
htϕj〈ω, df1 ∧ · · · ∧ dfk〉 = 〈ω, htϕjdf1 ∧ · · · ∧ dfk〉 ∈ H1,2(X) ∀t > 0.
Thus letting t ↓ 0 and then letting j ↑ ∞ show (6.1).
Proposition 6.5. Let (X,x,m) be a Ricci limit space and let ω ∈ L∞
(∧k T ∗X) be an
oriention of (X,x,m). Then ω is differentiable for a.e. z ∈ X with ∇gXω(z) = 0 for a.e.
z ∈ X.
Proof. Corollary 4.9 yields that ω is differentiable for a.e. z ∈ X. By the definition of
Levi-Civita connection for a.e. z ∈ X we have
0 = 〈∇|ω|2, v〉(z) = 2〈∇gXω, ω ⊗ v〉(z)
for any v ∈ T ∗zX. Since ω(z) is a basis of
∧k T ∗zX for a.e. z ∈ X, we have ∇gXω(z) = 0
for a.e. z ∈ X.
Proposition 6.6. Let (X,x,m) be a Ricci limit space and let ω ∈ L∞
(∧k T ∗X) be an
orientation of (X,x,m). Then
〈ω, df1 ∧ · · · ∧ dfk〉 ∈ H1,2(Br(z)) (6.3)
for any r < R and any fi ∈ D(∆, BR(z)) with |∇fi| ∈ L∞(BR(x)).
Proof. By the existence of good cut-off functions on Ricci limit spaces [H15, Corollary
4.29] there exists a cutoff ϕ ∈ D(∆,X) such that 0 ≤ ϕ ≤ 1, that ϕ ≡ 1 on Br(z), that
suppϕ ⊂ BR(z), and that |∇ϕ| + |∆ϕ| ≤ C(n, r,R). Considering ϕfi yields that with no
loss of generaliry we can assume that fi ∈ D(∆,X) ∩ LIPc(X).
Then the regularity of the heat flow (c.f. [AGS14a, AGS14b, AGMR15]) yields that
htfi ∈ TestF (X) for any t > 0, that htfi → fi inH1,2(X) as t ↓ 0, that supt<1 ‖∇htfi‖L∞(X) <
∞, and that ∆htfi → ∆fi in L2(X) as t ↓ 0. In particular Bochner’s inequality on RCD-
spaces [G15b, Corollary 3.3.9] with Proposition 4.10 yields supt<1 ‖HessgXhtfi‖L2(X) <∞.
Then by Propositions 6.4 and 6.5 with (2.2) since
|∇〈ω, d(htf1) ∧ · · · ∧ d(htfk)〉| ≤ |∇gXω|
∏
i
|∇htfi|+
∑
i
|HessgXfi |
∏
j 6=i
|∇htfj|
=
∑
i
|HessgXfi |
∏
j 6=i
|∇htfj|,
in particular supt<1 ‖〈ω, d(htf1) ∧ · · · ∧ d(htfk)〉‖H1,2(X) < ∞. Since 〈ω, d(htf1) ∧ · · · ∧
d(htfk)〉 → 〈ω, df1 ∧ · · · ∧ dfk〉 in L2(X) as t ↓ 0, this completes the proof.
6.3 Proof of Theorem 1.2
Let us prove Theorem 1.2. There exists a Borel function f : X → {−1, 1} such that
ω1(z) = f(z)ω2(z) for a.e. z ∈ X. It suffices to prove that f is constant as follows.
Step 1. Let p ∈ Rτ,s with s ≤ 12τ1/2. Then for any t ∈ (0, s2) there exists c(t) ∈
{−1, 1} such that (recall the notation Ψ given in the preliminaries)
1
m(Bt(p))
∫
Bt(p)
|f − c(t)| dm ≤ Ψ(τ, s;n). (6.4)
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The proof is as follows.
Let r := τ1/2s ≥ 2s2. Corollary 4.2 yields that there exists a limit harmonic (Ψ(τ, s;n), C(n))-
splitting map b := (b1, . . . ,bk) : Br(p)→ Rk. Then Theorem 5.2 shows for any t ∈ (0, s2)
t2
m(Bt(p))
∫
Bt(p)
|HessgX
bi
|2dm ≤ Ψ(τ, s;n). (6.5)
Let gi := 〈ωi, db1 ∧ · · · ∧ dbk〉. Then applying the Poincaré inequality of type (1, 2) for gi
with (2.2), (6.5) and Proposition 6.6 yields
1
m(Bt(p))
∫
Bt(p)
∣∣∣∣∣gi − 1m(Bt(p))
∫
Bt(p)
gidm
∣∣∣∣∣ dm ≤ Ψ(τ, s;n). (6.6)
We now fix Ψ(τ, s;n) as above and write it ψ for short. Let A :=
⋂
i,j{z ∈ Bt(p); |〈∇bi,∇bj〉(z)−
δij | < (ψ)1/2}. Then by the same argument to (4.3) we have
m(Bt(p) \ A)
m(Bt(p))
≤ n2(ψ)1/2. (6.7)
In particular since db1 ∧ · · · ∧ dbk(z) is a basis of
∧k T ∗zX with |db1 ∧ · · · ∧ dbk(z)| =
1± Ψ(ψ;n) for a.e. z ∈ A, we have |gi|(z) = 1± Ψ(ψ;n) for a.e. z ∈ A. Thus combining
this with (6.7) and (6.6) gives∣∣∣∣∣ 1m(Bt(p))
∫
Bt(p)
gidm
∣∣∣∣∣ = 1m(Bt(p))
∫
Bt(p)
|gi|dm± ψ
=
1
m(Bt(p))
∫
A
|gi|dm±Ψ(ψ;n) = 1±Ψ(ψ;n),
where we used |gi| ≤ C(n) on Br(p). Thus (6.6) shows
1
m(Bt(p))
∫
Bt(p)
|gi − ci| dm ≤ Ψ(ψ;n), (6.8)
where ci ∈ {−1, 1} is a constant. Therefore letting c := c1c2 yields
1
m(Bt(p))
∫
Bt(p)
|f − c| dm = 1
m(Bt(p))
∫
Bt(p)
|f − c1c2| dm
=
1
m(Bt(p))
∫
Bt(p)
|fc2 − c1| dm
=
1
m(Bt(p))
∫
Bt(p)
|g1 − c1| dm±Ψ(ψ;n) ≤ Ψ(ψ;n).
Step 2. If g ∈ L1(BR(z)) and c1, c2 ∈ {−1, 1} satisfy
1
m(BR(z))
∫
BR(z)
|g − ci|dm < 1,
then c1 = c2.
This is a direct consequence of the inequality:
|c1 − c2| ≤ 1
m(BR(z))
∫
BR(z)
|g − c1|dm+ 1
m(BR(z))
∫
BR(z)
|g − c2|dm < 2.
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Step 3. There exists ǫ(n,R) ∈ (0, 1) such that the following hold. Let r ∈ (0, R], let
γ : [0, r]→ X be a minimal geodesic and let g ∈ L1(B2r(γ(0))). Assume that there exists
s ∈ (0, r) such that for any t ∈ [0, r] there exists ct ∈ {−1, 1} such that
1
m(Bs(γ(t)))
∫
Bs(γ(t))
|g − ct| dm < ǫ(n,R).
Then cr = c0.
The proof is as follows.
Let us take a partition 0 = t0 < t1 < t2 < · · · < tN−1 < tN = r of [0, r] with
|ti − ti+1| < s/10. Then Bishop-Gromov inequality yields
1
m(Bs/2(γ(ti)))
∫
Bs/2(γ(ti))
|g − cti | dm ≤
C(n,R)
m(Bs(γ(ti)))
∫
Bs(γ(ti))
|g − cti | dm
< C(n,R)ǫ(n,R) < 1.
On the other hand since Bs/2(γ(ti)) ⊂ Bs(γ(ti+1)), applying Bishop-Gromov inequality
again shows
1
m(Bs/2(γ(ti)))
∫
Bs/2(γ(ti))
∣∣g − cti+1 ∣∣ dm ≤ C(n,R)
m(Bs(γ(ti+1)))
∫
Bs(γ(ti+1))
∣∣g − cti+1 ∣∣ dm
< C(n,R)ǫ(n,R) < 1.
Thus step 2 shows cti = cti+1 , which completes the proof.
Step 4. To finish the proof, we assume that f is not a constant. Let A+ := {f = 1}
and let A− := {f = −1}. Then they have positive measures. By [CN12, Lemma 1.17] with
the Lebesgue differentiation theorem there exist p, q ∈ X, δ ∈ (0, 1) and a limit minimal
geodesic (δ, d(p, q) + δ) → X such that γ(0) = p, that γ(d(p, q)) = q, that the image of γ
is in Rk, and that
lim
r→0
1
m(Br(p))
∫
Br(p)
|f − 1| dm = lim
r→0
1
m(Br(q))
∫
Br(q)
|f + 1| dm = 0.
Then applying the uniform Reifenberg property along the interior of a limit minimal
geodesic [CN12, Theorem B.1] to γ yields that for any ǫ ∈ (0, 1) there exists r > 0 such that
γ([0, d(p, q)]) ⊂ Rkǫ,r. In particular step 1 shows that for any ǫ ∈ (0, 1) there exists r ∈ (0, 1)
such that for any t ∈ [0, d(p, q)] and any s ∈ (0, r) there exists c(ǫ, r, t, s) ∈ {−1, 1} such
that
1
m(Bs(γ(t)))
∫
Bs(γ(t))
|f − c(ǫ, r, t, s)| dm < ǫ.
Thus if ǫ is sufficiently small, then step 3 implies 1 = c(ǫ, r, 0, s) = c(ǫ, r, d(p, q), s) = −1,
which is a contradiction. 
Remark 6.7. By the proof above, it is noticed easily that we can prove Theorem 1.2 with
no use of Theorem 5.2 because we only use limit harmonic (ǫ, C(n))-splitting maps and
know the lower semicontinuity of L2-norms of Hessian [H15, Theorem 1.3]. However since
Theorem 5.2 gives local behavior of more general functions, the author believes that this
has independent importance.
6.4 Stability
In this subsection we will prove Theorem 1.3. More precisely;
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Theorem 6.8 (Stability). Let (Xi, xi,mi) be a mGH-convergent sequence of Ricci limit
spaces to (X,x,m). Assume that the sequence is noncollapsed (i.e. dimXi = dimX :=
k ≤ n for any sufficiently large i) and that (Xi, xi,mi) is orientable with an orientation
ωi ∈ L∞(
∧k T ∗Xi). Then (X,x,m) is orientable. More precisely, there exist a subsequence
{i(j)}j and an orientation ω ∈ L∞(
∧k T ∗X) of (X,x,m) such that ωi(j) Lploc-strongly
converge to ω for any p ∈ (1,∞). Then we say that ω is associated with ωi(j).
Proof. By the Lp-weak compactness [H15, Proposition 3.50] with no loss of generality we
can assume that the Lploc-weak limit ω ∈ L∞(
∧k T ∗X) of ωi exists for any p ∈ (1,∞).
Note that since the sequence {(Xi, xi,mi)}i is noncollapsed, ω is also a top dimensional
differential form on X.
First let us check (6.2). Let fi ∈ TestF (X). From the existence of approximate
sequences [AH17, Proposition 1.10.2], there exist sequences of fj,i ∈ TestF (Xi) such that
supj,i ‖∇fj,i‖L∞ < ∞ and that fj,i, dfj,i,∆fj,i L2-strongly converge to fj, dfj ,∆fj on X,
respectively. Then since 〈ωi, df1,i ∧ · · · ∧ dfk,i〉 ∈ H1,2(Xi) and
|∇〈ωi, df1,i ∧ · · · ∧ dfk,i〉| ≤ |∇gXiωi|
∏
j
|∇fj,i|+
∑
l
|HessgXifl,i |
∏
j 6=l
|∇fj,i|
=
∑
l
|HessgXifl,i |
∏
j 6=l
|∇fj,i|,
we haveM := supi,j ‖〈ωi, df1,i∧· · ·∧dfk,i〉‖H1,2(Xi) <∞, where we used (2.2), Proposition
4.10 and Bochner’s inequality ([G15b, Corollary 3.3.9]). Therefore the stability of Sobolev
functions [AH17, Theorem 1.7.4] (or [GMS13, Theorem 7.4] or [H15, Theorem 4.9]) yields
〈ω, df1 ∧ · · · ∧ dfk〉 ∈ H1,2(X) with ‖〈ω, df1 ∧ · · · ∧ dfk〉‖H1,2(X) ≤M , which proves (6.2).
In order to finish the proof, it suffices to check that ωi L2loc-strong converge to ω.
Because this with the uniform L∞-bound of ωi implies the L
p
loc-strong convergence of ωi
(c.f. [H15, Proposition 3.69]), and since
1 = lim
i→∞
1
mi(Br(yi))
∫
Br(yi)
|ωi|2dmi = 1
m(Br(y))
∫
Br(y)
|ω|2dm
for any yi
GH→ y, letting r ↓ 0 with the Lebesgue differentiation theorem yields |ω(z)| = 1
for a.e. z ∈ X. It is worth pointing out that we need the noncollapsed assumption
to prove the L2loc-strong convergence of ωi because in general it is not satisfied in the
collapsed setting. For example, as in Remark 3.6, the sequence of standard orientations
ωi of S1(1)×S1(1/i) L2-weak, but not strong, converge to 0 ∈ L2(S1(1)) as i→∞, which
is a counter example in the collpased setting.
The proof of the L2loc-strong convergence of ωi is as follows.
We first recall a result given in [H14b]; let p ∈ (1,∞), let fi ∈ Lp(BR(xi)) with
supi ‖fi‖Lp(BR(xi)) <∞ and let f ∈ L1(BR(x)). If for a.e. z ∈ BR(x) and any ǫ > 0 there
exist r ∈ (0, 1) and a convergent sequencce zi GH→ z such that for any t ∈ (0, r)
lim sup
i→∞
1
mi(Bt(zi))
∫
Bt(zi)
fidmi − 1
m(Bt(z))
∫
Bt(z)
fdm ≤ ǫ (6.9)
holds, then lim supi→∞ ‖fi‖L1(BR(xi)) ≤ ‖f‖L1(BR(x)). It is not difficult to check this by
using Vitali’s covering theorem and the doubling condition. See [H14b, Proposition 3.8]
for the detail.
Let z ∈ Rk(X) and let zi GH→ z. Then for any ǫ ∈ (0, 1) and any L ∈ (1,∞) there
exists r ∈ (0, 1) such that for any t ∈ (0, r)
dGH ((BLt(z), z), (BLt(0k), 0k)) < ǫt.
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Fix t ∈ (0, r). Then by Theorem 4.1 (or the proof of Corollary 4.2), there exists a limit
harmonic (Ψ(ǫ, L−1;n), C(n))-splitting map bi = (bi1, . . . ,b
i
k) : B4t(zi) → Rk. With no
loss of generality we can assume that there exists a limit (Ψ(ǫ, L−1;n), C(n))-splitting map
b := (b1, . . . ,bk) : B2t(z)→ Rk such that bi converge uniformly to b on B2t(z). We now
fix Ψ(ǫ, L−1;n) as above and denote it by ψ for short.
Let us consider the following;
• let η = db1 ∧ · · · ∧ dbk,
• let ηi := dbi1 ∧ · · · ∧ dbik,
• let Ai := ⋂j,l{w ∈ Bt(zi); |〈∇bij ,∇bil〉(w) − δjl| < (ψ)1/2} and
• let A := ⋂j,l{w ∈ Bt(z); |〈∇bj ,∇bl〉(w) − δjl| < (ψ)1/2}.
Note that ηi L2-strongly converge to η on Bt(z), in particular 〈ωi, ηi〉 L2-weakly con-
verge to 〈ω, η〉 on Bt(z). On the other hand from Proposition 6.6 and (2.2) we have
supi ‖〈ωi, ηi〉‖H1,2(Bt(zi)) < ∞. Thus combining these with the Rellich compactness [H15,
Theorem 4.9] shows that 〈ωi, ηi〉 L2-strongly converge to 〈ω, η〉 on Bt(z).
Then by the same argument to (4.3) we have
m(Bt(z) \ A)
m(Bt(z))
≤ n2(ψ)1/2. (6.10)
Note that since |η| = 1 ± Ψ(ψ;n) on A and ∧k T ∗zX is 1-dimensional for a.e. z ∈ X, we
have |ω − 〈ω, η〉η| < Ψ(ψ;n) on A (of course similar statements for ωi, ηi, Ai also hold for
any sufficiently large i). Thus for any sufficiently large i
1
m(Bt(z))
∫
Bt(z)
|ω|2dm = 1
m(Bt(z))
∫
A
|ω|2dm±Ψ(ψ;n)
=
1
m(Bt(z))
∫
A
〈ω, η〉2dm±Ψ(ψ;n)
=
1
m(Bt(z))
∫
Bt(z)
〈ω, η〉2dm±Ψ(ψ;n)
=
1
m(Bt(zi))
∫
Bt(zi)
〈ωi, ηi〉2dm±Ψ(ψ;n)
=
1
m(Bt(zi))
∫
Ai
〈ωi, ηi〉2dm±Ψ(ψ;n)
=
1
m(Bt(zi))
∫
Ai
|ωi|2dm±Ψ(ψ;n) = 1±Ψ(ψ;n),
which proves (6.9) as f = |ω|2, fi = |ωi|2. Therefore
1 = lim sup
i→∞
‖|ω|2‖L1(BR(xi)) ≤ ‖|ω|2‖L1(BR(x)) = ‖ω‖L2(BR(x)),
which shows that ωi L2-strongly converge to ω on BR(x).
Remark 6.9. The local version of orientability can be discussed as follows. Let (X,x,m)
be a Ricci limit space whose dimension is k. We say that (X,x,m) is locally orientable at
a point p ∈ X if there exist r ∈ (0,∞) and ω ∈ L∞(∧k T ∗Br(x)) such that 〈ω, η〉|Br(x) ∈
H1,2(Br(x)) for any η ∈ TestFormk(X, d,m). Then we call ω a local orientation of (X, d,m)
at p.
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From the proof of Theorem 1.2 we can prove similar uniequeness; for two local orien-
tations ω1, ω2 of (X,m) at p there exists s > 0 such that we have either ω1(z) = ω2(z) for
a.e. z ∈ Bs(p) or ω1(z) = −ω2(z) for a.e. z ∈ Bs(p). Moreover by the proof of Theorem
6.8 we can also prove if (X,m) is locally orientable at p ∈ X, then all tangent cones of
(X,x,m) at p, whose dimension are k, are orientable.
We end this subsection by giving a sufficient condition for the collapsed limit space to
be orientable. See subsection 6.6 for the detail of metric currents.
Theorem 6.10 (Orientability to collapsed spaces). Let (Xi, xi,mi) be a sequence of n-
dimensional Riemannian manifolds with the normalized measures satisfying RicXi ≥ −(n−
1), let (X,x,m) be the mGH-limit space whose dimension is k, and let ω ∈ L∞(∧k T ∗X)
with |ω|(z) = 1 for a.e. z ∈ X. If there exists a sequence ωi ∈ C∞(
∧k T ∗Xi) such
that supi ‖∇ωi‖BR(xi) < ∞ for any R ∈ (0,∞) and that ωi L2loc-strongly converge to ω,
then ω is an orientation of (X,x,m), ω ∈ D2Loc(δk,X) and Tω is a metric current with
∂Tω = Tδkω.
Proof. By the proof of Proposition 6.4 it suffices to check that g := ϕ〈ω, df1∧· · ·∧dfk〉 is in
H1,2(X) for any fi ∈ TestF (X) and any ϕ ∈ LIPc(X). Then by existences of approximate
sequences [H11, Theorem 4.2], [AH17, Proposition 10.2], there exist R ∈ (0,∞), a sequence
ϕj ∈ LIPc(Xj) and a sequence fi,j ∈ TestF (Xj) such that suppϕj ⊂ BR(xj) for any j,
and that ϕj ,∇ϕj , fi,j,∇fi,j,∆fi,j L2-strongly converge to ϕ,∇ϕ, fi,∇fi,∆fi, respectively.
Then since supj ‖Hessfi,j‖L2 < ∞, (2.2) yields gj := ϕj〈ωj , df1,j ∧ · · · ∧ dfk,j〉 ∈ H1,2(Xj)
with supj ‖gj‖H1,2(Xj) < ∞. Thus since gj L2-strongly converge to g, the Rellich com-
pactness [H15, Theorem 4.9] (or [GMS13, Theorem 6.8], [AH17, Theorem 5.4]) shows
g ∈ H1,2(X). The remaining statements follows directly from Theorem 6.16, Lemma 6.19
and a fact that |δkωj| ≤ C(n)|∇ωj|.
6.5 Compatibility with the smooth case
Let us denote again by (X,x,m) a Ricci limit space whose dimension is k.
Proposition 6.11 (Compatibility; singular to smooth). Let ω ∈ L∞(∧k T ∗X) be an ori-
entation of (X,x,m), and let O be an open subset of X. Assume that O is locally isometric
to a k-dimensional C1-Riemannian manifold with m⌊O= eFdHk for some F ∈ LIPloc(O).
Then O has the orientation in the ordinary sense with respect to ω. In particular ω is
continuous on O.
Proof. Let p ∈ O and let ϕ := (ϕ1, . . . , ϕk) : BR(p) → Rk be a C2-coordinate chart
with BR(p) ⊂ O. Note that by a direct calculation we see ϕi ∈ D(∆m, BR(p)) with
∆mϕi = ∆ϕi − 〈dF, dϕi〉, where ∆ is the standard Laplacian with respect to the C1-
Riemannian metric on O. Then ω can be expressed by
ω =
f
|dϕ1 ∧ · · · ∧ dϕk|dϕ1 ∧ · · · ∧ dϕk
on Br(p) for any r ∈ (0, R), where f is a function on BR(p) with |f | ≡ 1. Thus we
have f = 〈ω, dϕ1 ∧ · · · ∧ dϕk〉/|dϕ1 ∧ · · · ∧ dϕk|. In particular Proposition 6.6 yields
f ∈ H1,2(Br(p)). Since |f | ≡ 1 implies |∇f |(z) = 0 for a.e. z ∈ Br(p), the Poincare
inequality shows that f is constant, which completes the proof.
Let us discuss the opposite implication. The key point is to consider the Sobolev (2)-
capacity of a subset A of X, denoted by Capm2 (A). See for instance [KM96, Sh00] for the
definition. We only need the following properties;
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• for a closed subset A of X, Capm2 (A) = 0 if and only if there exists a sequence
fi ∈ H1,2(X)∩LIP(X) such that 0 ≤ fi ≤ 1, that for any i, fi ≡ 1 on a neighborhood
of A, and that fi → 0 in H1,2(X).
Proposition 6.12 (Compatibility; smooth to singular). Let O be an open subset of X.
Assume that Capm2 (X \ O) = 0 and that O is locally isometric to a k-dimensional C1-
Riemannian manifold with m⌊O= eF dHk for some function F on O satisfying that f |U ∈
H1,2(U) for any relatively compact open subset U of O. Then O is orientable in the
ordinary sense if and only if (X,x,m) is orientable.
Proof. From Proposition 6.11 it suffices to check ‘only if’ part. Let ω ∈ C1(∧k T ∗O) be
the canonical form defind by an orientation of O with |ω| ≡ 1 on O. Then we first check:
〈ω,ϕdf1 ∧ · · · ∧ dfk〉 ∈ H1,2(X) (6.11)
for any ϕ ∈ LIPc(X) and any fi ∈ TestF (X, d,m). Let R ∈ (0,∞) with suppϕ ⊂ BR(x).
Since Capm2 (BR(x) \ O) = 0 there exists a sequence ϕi ∈ H1,2(X) such that ϕi ≡ 1 on
a neighborhood of BR(x) \ O and that ϕi → 0 in H1,2(X). Let us consider a sequence
gi = (1− ϕi)〈ω,ϕdf1 ∧ · · · ∧ dfk〉. Since supp gi ⊂ BR(x) ∩O and ω is C1 on O, it is easy
to check gi ∈ H1,2c (BR(x)∩O) with supi ‖gi‖H1,2 <∞. Since gi → 〈ω,ϕdf1 ∧ · · · ∧ dfk〉 in
L2(X), this proves (6.11).
Then in particular 〈ω, df1∧· · ·∧dfk〉|BR(x) ∈ H1,2(BR(x)) for any R ∈ (0,∞). Moreover
by (2.2) with∇gXω ≡ 0 on O we have supR∈[1,∞) ‖〈ω, df1∧· · ·∧dfk〉|BR(x)‖H1,2(BR(x)) <∞,
which implies easily 〈ω, df1 ∧ · · · ∧ dfk〉 ∈ H1,2(X).
Corollary 6.13. Let (Xi, xi,Hn) be a sequence of noncollapsed n-dimensional Rieman-
nian manifolds with |RicXi | ≤ n − 1, and let (X,x,Hn) be the noncollapsed mGH-limit
space. Then (X, d, x,Hn) is orientable if and only if Rn(X) is orientable in the ordinary
sense.
Proof. Recall that it was proven in [ChN15] by Cheeger-Naber that Rn(X) has codimen-
sion 4 (with respect to Hn). In particular Capm2 (X \ Rn(X)) = 0 (c.f. [KM96, Theorem
4.13]). Thus the assertion follows from Proposition 6.12.
6.6 Metric currents
In this section we will establish Theorem 1.5.
6.6.1 Quick introduction of currents in metric spaces
The pioneer work on currents in metric spaces was founded by Ambrosio-Kirchheim in
[AK00] under finite mass condition. After that Lang and Lang-Wenger generalized in
[L11, LW11] this to general case, called local currents. Then Lang-Wenger established
in [LW11] the pointed flat compactness for integral current spaces [LW11, Theorem 1.1].
As mentioned in the introduction since Theorem 1.5 is closely related to the pointed flat
compactness, we adopt their formulation here. See [LW11] for the details of the following.
Let Y be a metric space, let us denote by LIPB(Y ) the set of all Lipschitz functions
on Y with bounded supports and let LIPLoc(Y ) be the set of all functions on Y which
are Lipschitz on each bounded subset (thus LIPloc(Y ) = LIPLoc(Y ) if Y is proper). For
m ∈ Z≥0, put Dm(Y ) := LIPB(Y ) × (LIPLoc(Y ))m. For an open subset U of Y and a
multi-linear function T : Dm(Y )→ R, let
MU (T ) := sup
∑
λ∈Λ
T (fλ, πλ),
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where the supremum runs over all countable sets Λ, and all (fλ, πλ) ∈ Dm(Y )(πλ =
(πλ,1, . . . , πλ,m) ∈ (LIPLoc(Y ))m) such that suppfλ ⊂ U , that Lipπλ,l ≤ 1 and that∑
λ |fλ| ≤ 1. Then for any subset A of Y let
‖T‖(A) := inf
U
MU (T ),
where the infimum runs over all open subset U of X with A ⊂ U . Then
• (Push-foward) for any map ϕ : Y → Z such that ϕ is Lipschitz on each bounded
subset of Y and that ϕ−1(A) is bounded for any bounded subset A of Z, let us define
the multi-linear functional ϕ♯(T ) : Dm(Z)→ R by
ϕ♯(T )(f, π1, . . . , πm) := T (f ◦ ϕ, π1 ◦ ϕ, . . . , πm ◦ ϕ).
Moreover T is said to be an m-dimensional metric functional on Y if the following two
conditions hold;
1. (Continuity) we have
lim
j→∞
T (f, πj1, . . . , π
j
m) = T (f, π1, . . . , πm),
whenever πji pointwise converge to π
j
i with supj Lip(π
j
i |A) < ∞ (in particular it is
uniformly convergent on each bounded subset A of Y ).
2. (Locality) in case m ≥ 1, T (f, π1, . . . , πm) = 0 whenever some πi is constant on a
neighborhood of supp f .
Assume that T is a metric functional. Then
• (Boundary) let us define the (m− 1)-dimensional metric functional ∂T on Y by
∂T (f, π1, . . . , πm−1) := T (σ, f, π1, . . . , πm−1),
where σ ∈ LIPB(Y ) is any function satisfying σ|supp f ≡ 1.
In addition, a metric functional T is said to be a local current if the following holds:
3. (Borel regularity) for any ǫ ∈ (0, 1) and any bounded open subset U of Y there exists
a compact subset C of U such that MU\C(T ) < ǫ.
Then ‖T‖ determines a Borel regular measure on the set of all Borel subsets of Y and can
be characterized as the minimum Borel measure ν on Y satisfying
|T (f, π1, . . . , πm)| ≤
∏
i
Lip(πi|supp f )
∫
Y
|f |dν
for any (f, π1, . . . , πm) ∈ Dm(Y ). See [LW11, Propositions 2.2 and 2.3].
Assume that T is a local current. Let us denote by B∞B (Y ) the set of all bounded Borel
functions with bounded supports on Y . Then it is easy to check that there is a canonical
extension of T as a multi-linear map: B∞B (Y )× (LIPLoc(Y ))m → R, which is also denoted
by T for short. Then
• (Restriction) for a Borel subset A of Y let us define a local current T ⌊A on A by
T ⌊A(f, π1, . . . , πm) := T (1Af, π1, . . . , πm).
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We say that local current T is normal if ∂T is also a local current.
Finally we recall definitions of locally integer rectifiable currents and of locally integral
currents. For that let us denote by [g] the canonical k-dimensional local current on an
open subset U of Rk defined by given g ∈ L1Loc(U), i.e.
[g](f, π1, . . . , πk) :=
∫
U
gf〈dx1 ∧ · · · ∧ dxk, dπ1 ∧ · · · ∧ dπk〉dHk.
Definition 6.14 (Locally integer rectifiable currents and locally integral currents). [LW11,
Definition 2.4] Let S be an m-dimensional metric functional on Y .
1. (Locally integer rectifiable current) S is said to be a locally integer rectifiable current
if the following two conditions hold;
(a) for any bounded open subset U of Y and any ǫ ∈ (0, 1) there exist a finite family
of compact subsets {Ki}Ni=1 of Rm and a family of Lipschitz maps ϕi : Ki → Y
such that M
U\
⋃N
i=1
ϕi(Ki)
(S) < ǫ. In particular S is a local current on Y ,
(b) for any bounded Borel subset B of Y and any Lipschitz map f : B → Rm,
there exists a Z-valued L1loc-function θ on R
m such that f♯(S⌊B) = [θ].
2. (Locally integral current) S is said to be a locally integral current if S, ∂S are locally
integer rectifiable currents. In particular S is normal.
6.6.2 Proof of Theorem 1.5
Recall that (X,x,m) is a Ricci limit space. Note that in this subsection we may not assume
that k denotes the dimension.
Let U be an open subset of X. We say that η ∈ LpLoc(
∧k T ∗U) (which means that η is
Lp-bounded on each bounded subset of U) is in Dp(δk, U) (or in DpLoc(δk, U), respectively)
for some p ∈ [1,∞] if there exists a unique α ∈ Lp(∧k−1 T ∗U) (or ∈ LpLoc(∧k−1 T ∗U),
respectively), denoted by δkη, such that∫
X
〈η, df0 ∧ · · · ∧ dfk−1〉dm =
∫
X
〈α, f0df1 ∧ · · · ∧ dfk−1〉dm
for any fi ∈ LIPc(U). Note that Dp(δk, U) = DpLoc(δk, U) if U is bounded. It is easy to
check that if η ∈ DpLoc(δk,X), then for any f ∈ LIPLoc(X), fη ∈ DpLoc(δk,X) with
δk(fη) = fδkη − η(∇f, ·). (6.12)
Lemma 6.15. If η ∈ L1Loc(
∧k T ∗U)∩DpLoc(δk, U), then δkη ∈ DpLoc(δk−1, U) with δk−1(δkη) =
0.
Proof. For any fi ∈ LIPc(U) taking ϕ ∈ LIPc(U) with ϕ|⋃
i
supp fi
≡ 1 yields
∫
U
〈δkη, df0 ∧ · · · ∧ dfk−1〉dm =
∫
U
〈δkη, ϕdf0 ∧ · · · ∧ dfk−1〉dm
=
∫
U
〈η, dϕ ∧ df0 ∧ · · · ∧ dfk−1〉dm = 0,
which completes the proof, where we used dϕ(z) = 0 for a.e. z ∈ ⋃i supp fi in the final
equality.
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Theorem 6.16 (From L1Loc-forms to metric currents). Let ω ∈ L1Loc
(∧k T ∗X) (note
that L1Loc
(∧k T ∗X) = L1loc (∧k T ∗X) in this case). Then the multi-linear functional
Tω : Dk(X)→ R defined by
Tω(f, π1, . . . , πk) :=
∫
X
〈ω, fdπ1 ∧ · · · ∧ dπk〉dm
satisfies ‖Tω‖ ≤ |ω|dm (i.e. ‖Tω‖(A) ≤
∫
A |ω|dm for any Borel subset A of X) and the
locality condition. Moreover we have the following;
1. If k = dimX, then ‖Tω‖ = |ω|dm.
2. If ω ∈ D1Loc(δk,X), then Tω is a locally normal current with ∂Tω = Tδkω.
Proof. We first check ‖Tω‖ ≤ |ω|dm. For any Borel subset A of X and any open subset U
of X containing A, since
∑
λ∈Λ
Tω(fλ, πλ) =
∑
λ∈Λ
∫
X
〈ω, fλdπλ,1 ∧ · · · ∧ dπλ,k〉dm
≤
∫
U
|ω|

∑
λ∈Λ
|fλ|

 dm
≤
∫
U
|ω|dm
for any Λ and any (fλ, πλ) as in the definition of MU (Tω), we have MU (Tω) ≤
∫
U |ω|dm.
Since U is arbitrary, the Borel regularity of m yields ‖Tω‖ ≤ |ω|dm, which implies the
locality condition.
Let us prove (1). Let A be a bounded Borel subset of X and let δ ∈ (0, 1). Then by the
rectifiablity of (X,x,m) (c.f. Lemma 6.2) it is easy to check that there exist a countable
family of bounded Borel subsets Ai of A and a family of (1 ± δ)-bi-Lipschitz embeddings
ϕi : Ai →֒ Rk such that Ai are pairwise disjoint with m (A \⊔Ai) = 0. In particular∫
A\
⊔
i
Ai
|ω|dm = 0. Moreover by considering the decomposition
Ai = {z ∈ Ai; 〈ω, dϕi,1 ∧ · · · ∧ dϕi,k〉(z) > 0} ⊔ {z ∈ Ai; 〈ω, dϕi,1 ∧ · · · ∧ dϕi,k〉(z) < 0}
⊔ {z ∈ Ai;ω(z) = 0}
with no loss of generality we can assume that ϕi is defined on X as a (1 + δ)-Lipschitz
map and that
〈ω, dϕi,1 ∧ · · · ∧ dϕi,k〉 > 0
on Ai.
Let ϕ˜i := (1 + δ)−1ϕi, let U be a bounded open subset of X with A ⊂ U and∫
U\A |ω|dm < δ, let N ∈ N with
∫
A\
⊔N
i=1
Ai
|ω|dm < δ and let Bi be a compact sub-
set of Ai with
∫
Ai\Bi
|ω|dm ≤ 1
2i
δ. Note that ϕ˜i is 1-Lipschitz. Moreover we can take
{fi}Ni=1 ⊂ LIPc(U) such that 0 ≤ fi ≤ 1, that fi|Bi ≡ 1, that {supp fi}Ni=1 are pairwise
disjoint and that
∫
X |1⊔N
i=1
Bi
− f ||ω|dm ≤ δ, where f :=∑Ni=1 fi.
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Then (recall the notation Ψ in the preliminaries)
MU (Tω) ≥
N∑
i=1
∫
X
〈ω, fidϕ˜i,1 ∧ · · · ∧ dϕ˜i,k〉dm
≥
N∑
i=1
∫
Bi
〈ω, dϕ˜i,1 ∧ · · · ∧ dϕ˜i,k〉dm− δ
≥
N∑
i=1
(1−Ψ(δ; k))
∫
Bi
|ω|dm− δ
= (1−Ψ(δ; k))
∫
⊔N
i=1
Bi
|ω|dm− δ ≥ (1−Ψ(δ; k))
∫
A
|ω|dm− δ.
Since ‖Tω‖(U \ A) ≤
∫
U\A |ω|dm < δ, letting δ ↓ 0 proves ‖Tω‖(A) ≥
∫
A |ω|dm, which
proves (1) (see also [L11, Lemma 4.7] and [AK00, Proposition 2.7]).
Next we prove (2). In order to prove that Tω is a local current, it suffices to check the
continuity condition.
Let ϕ ∈ LIPB(X) and let fj,i ∈ LIPLoc(X) be uniformly convergent sequences to
fj ∈ LIPLoc(X) on BR(x) with supi,j Lip(fj,i|BR(xi)) <∞ for any R ∈ (0,∞). Note∫
X
〈ω,ϕdf1,i ∧ · · · ∧ dfk,i〉dm =
∫
X
〈ω,ϕdf1 ∧ df2 ∧ · · · ∧ dfk〉dm
+
∫
X
〈ω,ϕdf1 ∧ df2 ∧ · · · ∧ dfk−1 ∧ d(fk,i − fk)〉dm
. . .
+
∫
X
〈ω,ϕdf1 ∧ d(f2,i − f2) ∧ · · · ∧ dfk,i〉dm
+
∫
X
〈ω,ϕd(f1,i − f1) ∧ df2,i ∧ · · · ∧ dfk,i〉dm.
Then
lim
i→∞
∣∣∣∣
∫
X
〈ω,ϕdf1 ∧ · · · ∧ dfj−1 ∧ d(fj,i − fj) ∧ dfj+1,i ∧ · · · ∧ dfk,i〉dm
∣∣∣∣
= lim
i→∞
∣∣∣∣
∫
X
〈ϕω, df1 ∧ · · · ∧ dfj−1 ∧ d(fj,i − fj) ∧ dfj+1,i ∧ · · · ∧ dfk,i〉dm
∣∣∣∣
≤ lim
i→∞

∏
l<j
Lip(fl|suppϕ)

 ·

∏
l>j
Lip(fl,i|suppϕ)

∫
X
|δk(ϕω)||fj,i − fj|dm = 0,
where we used (6.12). In particular
lim
i→∞
∫
X
〈ω,ϕidf1,i ∧ · · · ∧ dfk,i〉dm =
∫
X
〈ω,ϕdf1 ∧ · · · ∧ dfk〉dm, (6.13)
which is the desired continuity property. Therefore Tω is a local current. Then it is easy
to check ∂Tω = Tδkω. Moreover applying the above for δkω with Lemma 6.15 shows that
∂Tω is also a local current, which completes the proof.
Remark 6.17. It is easy to see that for any n ≥ 2 the space (X,m) := ([0, π], 1∫ pi
0
sinn−1 tdt
∫
sinn−1 tdt)
is the collapsed mGH-limit space of a sequence (Sn, gi, 1Hn(Sn)Hn), where gi is a sequence
of Riemannian metrics on the n-dimensional unit sphere Sn whose sectional curvature is
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bounded below by 1 (see for instance [AH17, Remark 1.10.6] in the case when n = 2).
Then Capm2 ({0, 1}) = 0 because if let fk be Lipschitz functions on [0, π] defined by
fk(t) :=


1 if t ∈ [0, 1/k],
1− log(tk)log 2 if t ∈ (1/k, 2/k],
0 if t ∈ (2/k, π],
then it is easy to check that fk → 0 in H1,2(X), which implies Capm2 ({0, 1}) = 0. Thus
by Proposition 6.12, (X,m) is orientable. Let ω be the canonical orientation, i.e. ω := dt.
Then integration by parts shows ω ∈ D∞(δ1, [0, π]) with δ1ω = −(n − 1)(tan t)−1. In
particular by Theorem 6.16, Tω is a normal current with ∂Tω = [−(n − 1)(tan t)−1] on
[0, π].
Remark 6.18. It is easy to see that (X,m) := ([0, π], 1πH1) is the collapsed mGH-limit space
of a sequence (S2, gi, 1H2(S)H2) whose sectional curvature is nonnegative. We can check
that (X,m) is orientable as follows. Note that Capm2 ({0, 1}) 6= 0 and that the eigenvalue
of ∆ is of the Neumann problem, i.e. {fi(t) :=
√
2 cos(it)}i are all eigenfunctions of ∆, in
particular this gives an orthonormal basis in L2(X) and a basis in H1,2(X).
Let ω := dt. For any f ∈ TestF (X) let f = ∑i aifi in H1,2(X), i.e. ai = ∫X ffidm.
Note that since f ∈ D(∆,X), we have ∆f = ∑i i2aifi in L2(X). In particular L :=∑
i(i
2ai)2 <∞. Let gn =∑ni=1 ai〈ω, dfi〉 ∈ C∞([0, π]). Then
‖dgn‖2L2 =
∥∥∥∥∥
n∑
i=1
ai∆fi
∥∥∥∥∥
2
L2
=
n∑
i=1
(i2ai)2 ≤ L.
Thus since gn → 〈ω, df〉 in L2(X), we have 〈ω, df〉 ∈ H1,2(X), which implies that ω is an
orientation of (X, d,m). Moreover since∫ π
0
〈ω, dh〉dm = 1
π
(h(π) − h(0)) (6.14)
for any h ∈ LIP(X, d), ω is not in D1(δ1,X). In particular ω is not in H1,2H (T ∗X) (see
[G15b] or Section 7 for the definition of Sobolev spacesH1,2H for differential forms). However
by (6.14) we can check directly that Tω is a metric current with ∂Tω = 1π (δπ − δ0), where
δt is the Dirac measure centered on t.
Lemma 6.19. Let (Xi, xi,mi)
GH→ (X,x,m) be a convergent sequence of (n-)Ricci limit
spaces, let p ∈ (1,∞], and let ωi ∈ Lp(
∧k T ∗BR(xi)) ∩ Dp(δk, BR(xi))(i = 1, 2, . . .)
with supi<∞(‖ωi‖Lp + ‖δkωi‖Lp) < ∞. Then there exist a subsequence i(j) and ω ∈
Lp(
∧k T ∗BR(x)) ∩ Dp(δk, BR(x)) such that ωi(j), δkωi(j) Lp-weakly converge to ω, δkω on
BR(x), respectively.
Proof. By the Lp-weak compactness, there exist a subsequence i(j), ω ∈ Lp(∧k T ∗BR(x))
and η ∈ Lp(∧k−1 T ∗BR(x)) such that ωi(j), δkωi(j) Lp-weakly converge to ω, η on BR(x),
respectively. Let fi ∈ LIPc(BR(x))(i = 0, 1, . . . , k). Then from the existence of an ap-
proximate sequence [H11, Theorem 4.2], there exist sequences of fl,i(j) ∈ LIPc(BR(xi))
such that fl,i(j), dfl,i(j) Lq-strongly converge to fl, dfl on BR(x) for any q ∈ (1,∞) with
supj Lipfl,i(j) <∞. Then since∫
Xi(j)
〈ωi(j), df1,i(j) ∧ · · · ∧ dfk,i(j)〉dmi(j) =
∫
Xi(j)
〈δkωi(j), f1,i(j)df2,i(j) ∧ · · · ∧ dfk,i(j)〉dmi(j),
letting j →∞ yields ω ∈ Dp(δk, BR(x)) with δkω = η.
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Corollary 6.20. Let (Xi, xi,mi)
GH→ (X,x,m) be a convergent sequence of (n-)Ricci limit
spaces, let p ∈ (1,∞] and let ωi ∈ LpLoc
(∧k T ∗Xi) (= Lploc (∧k T ∗Xi)) be an Lploc-weakly
convergent sequence to ω ∈ LpLoc
(∧k T ∗X) (= Lploc (∧k T ∗X)). Then we have the follow-
ing.
1. If for any i, Tωi is a local current on Xi with supi ‖∂Tωi‖(BR(xi)) < ∞ for any
R ∈ (0,∞), then Tωi converge to Tω in the following sense;
lim
i→∞
Tωi(f0,i, f1,i, . . . , fk,i) = Tω(f0, f1, . . . , fk). (6.15)
whenever fj,i converge uniformly to fj on BR(x) with supi Lip(fj,i|BR(xi)) < ∞ for
any R ∈ (0,∞) and there exist j and R0 ∈ (0,∞) such that supp fj,i ⊂ BR0(xi) for
any i.
2. If for any i, ωi ∈ DpLoc(δk,Xi) with supi ‖δkωi‖Lp(∧k T ∗BR(xi)) < ∞ for any R ∈
(0,∞), then we see that Tωi , Tω are locally normal currents, that ω ∈ DpLoc(δk,X)
and that Tωi , ∂Tωi converge to Tω, ∂Tω in the sense of (6.15), respectively.
Proof. Let us prove (6.15). By using cut-off functions, with no loss of generality we can
assume that supp fj,i ⊂ BR0(xi) for any i, j. Then since htfj,i are uniformly Lipschitz
functions and Lqloc-strongly converge to htfj for any q ∈ (1,∞) and any t > 0 (c.f. [AH17,
Corollary 5.5]), we have
lim
i→∞
Tωi(f0,i, htf1,i, . . . , htfk,i) = Tω(f0, htf1, . . . , htfk). (6.16)
Then by an argument similar to the proof of (2) of Theorem 6.16 (by using ∂Tω instead
of δkω) we have
lim
t↓0
(
lim sup
i→∞
|Tωi(f0,i, htf1,i, . . . , htfk,i)− Tωi(f0,i, f1,i, . . . , fk,i)|
)
= 0. (6.17)
Thus combining (6.16) with (6.17) shows (6.15).
Moreover (2) follows from (1), Theorem 6.16 and Lemma 6.19.
Let us denote by D := D(X,x,m) the set of points z ∈ X such that the limit
lim
r↓0
m(Br(z))
rk
exists, and is positive and finite, where k is the dimension of (X,x,m). Then for any z ∈ D
we put
g(z) := g(X,x,m)(z) = lim
r↓0
m(Br(z))
Hk(Br(0k)) .
Recall that it is proven by Cheeger-Colding that m(X \ D) = 0 and that if (X,x,m)
is a noncollapsed (n-)Ricci limit space, then we see that X = D, that g ≤ 1Hn(B1(x))
and that g(z) = 1Hn(B1(x)) if and only if z ∈ Rn(X), in particular g(z) = 1Hn(B1(x)) for
a.e. z ∈ X (recall that m = Hn/Hn(B1(x))). See [CC97, Theorems 3.1 and 5.9] and
[CC00b, Theorems 3.23 and 4.6]. Note that m and Hk are mutually absolutely continuous
on D. For example, for ([0, π], d, 1∫ pi
0
sinn−1 dt
∫
sinn−1 tdt) as in Remark 6.17, we see that
D([0, π], d, 1∫ pi
0
sinn−1 dt
∫
sinn−1 tdt) = (0, 1) and that g(t) = 1∫ pi
0
sinn−1 tdt
sinn−1 t.
36
Theorem 6.21 (Push-forward formula). Let k denote the dimension of (X,x,m), let
ω ∈ L∞(∧k T ∗X) with |ω|(z) = 1 for a.e. z ∈ X, let C be a Borel subset of D(X,x,m)
and let ϕ : C →֒ Rk be a bi-Lipschitz embedding. Assume that the orientation of (C,ϕ)
is compatible with ω, (recall that this means 〈ω, dϕ1 ∧ · · · ∧ dϕk〉(z) > 0 for a.e. z ∈ C).
Then
ϕ♯ (Tω⌊C) =
[
1ϕ(C)g ◦ ϕ−1
]
.
Proof. Fix ǫ ∈ (0, 1). By Lemma 6.2 there exists a coutable pairwise disjoint rectifiable
patches (Ci, ψi) such that Ci ⊂ C, that m(C \
⋃
iCi) = 0, that the orientation of each
(Ci, ψi) is compatible with ω, and that ψi is a (1 ± ǫ)-bi-Lipschitz embedding. Then for
any (f, π) ∈ Dk(Rk), we have
ϕ♯ (Tω⌊C) (f, π)
=
∫
C
〈ω, d(π1 ◦ ϕ) ∧ · · · ∧ d(πk ◦ ϕ)〉f ◦ ϕdm
=
∫
C
〈ω, dϕ1 ∧ · · · ∧ dϕk〉det J(π)(ϕ)f ◦ ϕdm
=
∑
i
∫
Ci
〈ω, dϕ1 ∧ · · · ∧ dϕk〉det J(π)(ϕ)f ◦ ϕdm
=
∑
i
∫
Ci
〈ω, dψi,1 ∧ · · · ∧ dψi,k〉det J(ϕ ◦ ψ−1i )(ψ) det J(π)(ϕ)f ◦ ϕdm
= (1±Ψ(ǫ; k))
∑
i
∫
Ci
detJ(ϕ ◦ ψ−1i )(ψ) det J(π)(ϕ)f ◦ ϕdm
= (1±Ψ(ǫ; k))
∑
i
∫
Ci
detJ(ϕ ◦ ψ−1i )(ψ) det J(π)(ϕ)f ◦ ϕgdHk
= (1±Ψ(ǫ; k))
∑
i
∫
ψi(Ci)
det J(ϕ ◦ ψ−1i )(ψ) det J(π)(ϕ ◦ ψ−1i )f(ϕ ◦ ψ−1i )g(ψ−1i )dHk
= (1±Ψ(ǫ; k))
∑
i
∫
ϕ(Ci)
detJ(π)fg(ϕ−1)dHk
= (1±Ψ(ǫ; k))
∫
⋃
i
ϕ(Ci)
detJ(π)fg(ϕ−1)dHk
= (1±Ψ(ǫ; k))
∫
ϕ(C)
detJ(π)fg(ϕ−1)dHk
which completes the proof because ǫ is arbitrary.
As a summary of this subsection we have the following.
Theorem 6.22 (Stability of canonical currents for noncollapsed sequences). Let (Xi, xi,Hn)
be a sequence of n-dimensional oriented Riemannian manifolds with their orientations
ωi ∈ C∞(Xi) satisfying that RicXi ≥ −(n− 1) and Hn(B1(xi)) ≥ v > 0. Then there exist
a subsequence i(j), the noncollapsed Ricci limit space (X,x,Hn) of (Xi(j), xi(j),Hn) and
an orientation ω ∈ L∞(∧n T ∗X) of (X,x,Hn) such that the following hold.
1. ω ∈ D∞Loc(δn,X) with δnω = 0.
2. Tω is a locally integral current with ∂Tω = 0.
3. ‖Tω‖ = Hn on the set of all Borel subsets of X.
37
4. For any Borel subset C of X and any bi-Lipschitz embedding ϕ : C →֒ Rn we have
ϕ♯(Tω⌊C) = [1ϕ(C+) − 1ϕ(C−)], (6.18)
where C± are Borel subsets of C such that the orientation of C+ (or C−, respectively)
is (not, respectively) compatible with ω and that Hn(C\(C+∪C−)) = 0. In particular
Tω has multiplicity one in the following sense; for any pairwise disjoint rectifiable
atlas {(Ci, ϕi)}i of (X,x,Hn) satisfying that the orientation of each patch (Ci, ϕi) is
compatible with ω, we have
Tω =
∑
i
(ϕ−1i )♯(1ϕi(Ci)) (6.19)
and
‖Tω‖(A) =
∑
i
‖(ϕ−1i )♯(1ϕi(Ci))‖(A) (6.20)
for any Borel subset A of X.
5. ωi(j) L
p
loc-strongly converge to ω for any p ∈ (1,∞).
6. Tωi(j) converge to Tω in the sense of (6.15).
Proof. It suffices to prove (2) and (4). We first check (4).
Note that (6.18) is a direct consequence of Theorem 6.21. Then we have
Tω(f, π) =
∫
X
〈ω, fdπ1 ∧ · · · ∧ dπn〉dHn
=
∑
i
∫
Ci
〈ω, fdπ1 ∧ · · · ∧ dπn〉dHn
=
∑
i
(ϕi)♯(Tω⌊Ci)(f ◦ ϕ−1i , π ◦ ϕ−1i )
=
∑
i
[1ϕi(Ci)](f ◦ ϕ−1i , π ◦ ϕ−1i ) =
∑
i
(ϕ−1i )♯(1ϕi(Ci))(f, π),
which proves (6.19). (6.20) follows from (6.19) and a fact that ‖T ⌊A‖ = ‖T‖⌊A (see [LW11,
(2.8)] and the proof of [L11, Theorem 8.3]). Thus we have (4).
Then (2) is a direct consequence of (6.19), (6.20) and [L11, Theorem 8.3].
6.7 Compatibility with convergence of metric currents
Let us explain a relationship between Theorem 6.22, the weak convergence of currents
given in [AK00] by Ambrosio-Kirchheim, the pointed flat compactness theorem given in
[LW11] by Lang-Wenger, and the intrinsic flat convergence defined in [SW11] by Sormani-
Wenger.
Wenger defined in [W07] the flat distance, denoted by dZF , between two m-dimensional
integral currents S, T on a metric space Z, which is a generalization of Federer-Fleming’s
flat distance on Euclidean spaces to arbitrary metric spaces as follows;
d
Z
F (S, T ) := inf{‖U‖(Z) + ‖V ‖(Z)},
where the infimum runs over all m-dimensional integral currents U on Z and all (m+ 1)-
dimensional integral currents V on Z with S − T = U + ∂V . He also showed that the
convergence of a sequence of integral currents Ti on Z to an integral current T on Z with
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respect to dZF implies the weak convergence, in another word, the pointwise convergence
holds;
lim
i→∞
Ti(f, π) = T (f, π)
for any bounded Lipschitz function f on Z and any πi ∈ LIP(Z). Moreover the reverse
implication also holds under mild additional assumptions. See [W07, Theorems 1.2 and
1.4].
Sormani-Wenger defined in [SW11] the distance dF , so called the intrinsic flat distance,
between two integral current spaces (X,T ), (Y, S) as follows;
dF ((X,T ), (Y, S)) := inf dZF (ϕ♯(X,T ), ψ♯(Y, S)) ,
where the infimum runs over all isometric embeddings to a metric space Z; ϕ : X →֒ Z,
ψ : Y →֒ Z. They gave fundamental properties of the convergence, which include that a
sequence of integral current spaces (Xi, Ti) converge to an integral current space (X,T )
with respect to the intrinsic flat distance if and only if there exist a complete separable
metric space Z and a sequence of isometric embeddings ϕi : Xi →֒ Z, ϕ : X →֒ Z such
that
lim
i→∞
d
Z
F ((ϕi)♯(Xi, Ti), ϕ♯(X,T )) = 0. (6.21)
See [SW11, Theorem 4.2]. Note that Wenger also proved in [W11] a compactness that
a sequence of integral current spaces {(Xi, Ti)}i with supi(‖Ti‖(Xi) + ‖∂Ti‖(Xi)) < ∞
and supi diam (suppTi) < ∞ has a convergent subsequence with respect to dF , where
suppT := supp ‖T‖. See [W11, Theorem 1.2].
On the other hand Lang-Wenger introduced the following convergence; a sequence of
pointed m-dimensional locally integral current spaces (Xi, xi, Ti) converge in the pointed
flat sense to a pointed m-dimensional locally integral current space (X,x, T ) if there
exist a complete metric space Z, and a sequence of isometric embeddings ϕi : Xi →֒ Z,
ϕ : X →֒ Z such that limi→∞ ϕi(xi) = ϕ(x) and that (ϕi)♯Ti converge to ϕ♯T in the local
flat topology in Z, i.e. for any bounded closed subset B of Z there exists a sequence of
(m+1)-dimensional integral currents Si on Z such that limi→∞(‖ϕ♯T−(ϕi)♯Ti−∂Si‖(B)+
‖Si‖(B)) = 0. Then in particular the weak convergence, i.e. the pointwise convergence is
satisfied;
lim
i→∞
((ϕi)♯Ti) (f, π) = (ϕ♯T ) (f, π) (6.22)
for any (f, π) ∈ Dm(Z). They also established in [LW11] a compactness that a sequence of
pointed m-dimensional locally integral current spaces (Xi, xi, Ti) with supi(‖Ti‖(BR(xi))+
‖∂Ti‖(BR(xi))) <∞ for any R ∈ (0,∞) has a convergent subsequence in the pointed flat
sense above and showed the uniqueness of such limits. See [LW11, Theorem 1.1 and
Proposition 1.2]. In particular note that if a sequence (Xi, xi, Ti) satisfies supi(‖Ti‖(Xi) +
‖∂Ti‖(Xi)) < ∞, xi ∈ suppTi and supi diam (suppTi) < ∞, then (after dropping the
information of base points) the pointed flat convergence coincides with that with respect
to dF .
Let us turn to the mGH-convergence. Gigli-Mondino-Savaré defined in [GMS13] a
new notion of convergence for metric measure spaces, so called the pointed measured
Gromov convergence (written by the pmG-convergence, for short), as follows; a sequence
of pointed metric measure spaces (Xi, xi,mi) pmG-converge to a pointed metric measure
space (X,x,m) if there exist a complete separable metric space Z and a sequence of
isometric embeddings ϕi : Xi →֒ Z, ϕ : X →֒ Z such that
lim
i→∞
ϕ(xi) = ϕ(x), lim
i→∞
∫
Z
fd(ϕi)♯mi =
∫
Z
fdϕ♯m (6.23)
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for any continuous function f on Z with bounded support. They gave fundamental proper-
ties of the convergence (6.23), which include that for a sequence of pointed metric measure
spaces (Xi, xi,mi) with a locally uniform doubling condition, (Xi, xi,mi) pmG-converge to
a pointed metric measure space (X,x,m) if and only if it is a mGH-convergent sequence.
See [GMS13, Theorem 3.15].
We are now in a position to introduce the relationship between convergence above. Let
us consider a noncollapsed sequence of n-dimensional oriented Riemmanian manifolds
(Xi, xi,Hn) GH→ (X,x,Hn) (6.24)
with their orientations ωi ∈ C∞(
∧n T ∗Xi) satisfying RicXi ≥ −(n−1) as in Theorem 6.22.
With no loss of generality we can assume that there exists an orientation ω of (X,x,Hn)
associated with ωi.
The first compatibility result between the intrinsic flat convergence and the mGH-
convergence is given in [SW10] by Sormani-Wenger for compact manifolds with nonnega-
tive Ricci curvature. After that Munn proved in [Mun14] similar compatibility for com-
pact manifolds with bounded Ricci curvature. More recently Matveev-Portegies showed in
[MP15] the compatibility for compact manifolds with a uniform Ricci bound from below.
In our setting (6.24), Theorem 6.22 can be regarded as a generalization of their com-
patibilities above to the noncompact case as follows;
By the equivalence between the pmG-convergence and the mGH-convergence in this
setting, with no loss of generality we can assume that (6.23) is satisfied. Then for any
(f, π) ∈ Dn(Z) by letting gi := f ◦ϕi ∈ LIPB(Xi), πˆi,j := πj ◦ϕi ∈ LIPLoc(Xi), g := f ◦ϕ ∈
LIPB(X) and πˆj := πj ◦ ϕ ∈ LIPLoc(X), Theorem 6.22 yields
lim
i→∞
Tωi(gi, πˆ1,i, . . . , πˆn,i) = Tω(g, πˆ1, . . . , πˆn),
which is equivalent to (6.22). As a summary we have the following compatibility;
Theorem 6.23 (Compatibility with convergence of metric currents). Let (Xi, xi,Hn) be
a noncollapsed mGH-convergent sequence of oriented Riemannian manifolds with their
orientations ωi to (X,x,Hn) with the orientation ω associated with ωi, and let (Y, y, T ) be
the limit space of (Xi, xi, Tωi) in the sense of the weak convergence (6.22). Then (X,x, Tω)
is isometric to (Y, y, T ), i.e. there exists an isometry ϕ : X → suppT such that ϕ(x) = y
and that ϕ♯Tω = T .
Proof. It follows from the observation above, Theorem 6.22 and [LW11, Proposition 1.2].
7 Duality and Spectral convergence
In this section we prove Theorem 1.6. For that we first give a quick introduction of
the Hodge theory for RCD-metric measure spaces established in [G15b] by Gigli. See
[AGS14a, AGS14b, LV09, St06a, St06b] for the detail of the study of metric measure
spaces with Ricci curvature bounded from below.
Let (Y,m) be an RCD(K,∞)-space. For any η ∈ TestForml(Y ) there exists a unique
α ∈ L2(∧l−1 T ∗Y ), denoted by δη, such that∫
Y
〈α, β〉dm =
∫
Y
〈η, dβ〉dm
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for any β ∈ TestForml−1(Y ), where
d(f0df1 ∧ · · · ∧ dfl) = df0 ∧ df1 ∧ · · · ∧ dfl
for any fi ∈ TestF (Y ). Then let us denote byH1,2H (
∧l T ∗Y ) the completion of TestForml(Y )
with respect to the norm ‖ω‖H1,2
H
:= (‖ω‖2L2 + ‖dω‖2L2 + ‖δω‖2L2)1/2.
Note that dη ∈ H1,2H (
∧l+1 T ∗Y ) and δη ∈ L2(∧l−1 T ∗Y ) are well-defined for any η ∈
H1,2H (
∧l T ∗Y ). Then the l-dimensional de Rham cohomology H ldR(Y ) is defined by
H ldR(Y ) :=
Ker
(
d : H1,2H (
∧l T ∗Y )→ H1,2H (∧l+1 T ∗Y ))
Im
(
d : H1,2H (
∧l−1 T ∗Y )→ H1,2H (∧l T ∗Y ))
,
where the closure in the denominator is in the L2-sense. Then the Hodge theorem is
satisfied; the canonical map η 7→ [η] from the space of harmonic l-forms
Harml(Y ) :=
{
η ∈ H1,2H (
l∧
T ∗Y ); dη = 0, δη = 0
}
to H ldR(Y ) gives an isomorphism. See [G15b, Theorem 3.5.15].
Let us denote by D(∆H,l, Y ) the set of η ∈ H1,2H (
∧l T ∗Y ) such that there exists a
unique α ∈ L2(∧l T ∗Y ), denoted by ∆H,1η, such that∫
Y
〈α, β〉dm =
∫
Y
〈dη, dβ〉+ 〈δη, δβ〉dm
for any β ∈ H1,2H (
∧l T ∗Y ). We call ∆H,l the (l-dimensional) Hodge Laplacian. Note that
η ∈ D(∆H,l,X) with ∆H,lη = 0 if and only if η ∈ Harml(Y ).
Similarly we can define the Sobolev space H1,2C (
∧l T ∗Y ) for l-forms by the completion
of TestForml(Y ) with respect to the norm ‖ω‖H1,2C := (‖ω‖
2
L2 +‖∇ω‖2L2)1/2 and define the
connection Laplacian, denoted by ∆C,l, acting on l-forms. See also [H14b].
If (Y,m) is a compact Ricci limit space with diam Y > 0 (which is also an RCD(−(n−
1),∞)-space), then the spectrum of ∆H,1 is discrete and unbounded. In particular H1dR(Y )
is finite dimensional. See [H17, Remark 4.10].
The following is a main result of [H17], which will also play a key role in this section.
Theorem 7.1 (Spectral convergence of ∆H,1,∆C,1). [H17, Theorems 1.1 and 1.2] Let
Xi be a sequence of n-dimensional compact Riemannian manifolds with |RicXi | ≤ n − 1,
and let X be the noncollapsed GH-limit space (recall that then (Xi,Hn) GH→ (X,Hn) is
satisfied). Then spectral convergence of ∆H,1,∆C,l hold for any l ∈ N, i.e.
lim
i→∞
λH,1k (Xi) = λ
H,1
k (X) <∞
and
lim
i→∞
λC,lk (Xi) = λ
C,l
k (X) <∞
hold for any k, where λH,1k , λ
C,l
k are their k-th eigenvalues of ∆H,1,∆C,l, respectively.
Note that the L2-strong convergence of eigenforms is also established. In particular all
eigenforms have quantitative L∞-bounds. See [H17, Theorem 1.4].
Let us give a characterization of harmonic 1-forms. Under the same notation as in the
theorem above, recall again that R(X) is an open subset of X and is a C1,α-Riemannian
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manifold for any α ∈ (0, 1) ([CC96, Theorem 7.2]), and that as mentioned in subsection 6.5,
since the Hausdorff dimension of the singular set X \R(X) is at most 4 ([ChN15, Theorem
1.4]), the capacity of the singular set is zero; CapH
n
2 (X \R(X)) = 0. See Theorem 1.6 for
the definition of Harm∞l .
Proposition 7.2. Let X be as in Theorem 7.1. Then Harm∞1 (R(X)) coincides with
Harm1(X).
Proof. It is not difficult to check this by the argument same to the proof of [H17, Propo-
sition 4.5]. We give a sketch of the proof for reader’s convenience.
First we prove Harm1(X) ⊂ Harm∞1 (R(X)). Let ω ∈ Harm1(X). By Theorem 7.1,
there exist a sequence ωi ∈ C∞(T ∗Xi) and a sequence λi ∈ R≥0 such that supi ‖ωi‖L∞ <
∞, that λi → 0, that ∆H,1ωi = λiωi and that ωi, dωi, δωi L2-strongly converge to ω, dω, δω,
respectively. On the other hand by the existence of an approximate sequence [H14b,
Theorem 1.11] (or Corolalry 7.5), for any η = f0df1 ∧ · · · ∧ dfk, where f0 ∈ LIPc(R(X))
and fi ∈ TestF (X)(i = 1, 2, . . . , k), there exists a smooth approximate sequence ηi ∈
C∞(T ∗Xi) such that ηi, dηi, δηi L2-strongly converge to η, dη, δη, respectively. Since∫
Xi
〈dωi, dηi〉+ 〈δωi, δηi〉dHn = λi
∫
Xi
〈ωi, ηi〉dHn, (7.1)
and 〈ωi, ηi〉 ∈ C∞(Xi) L2-converge strongly to 〈ω, η〉 with supi ‖〈ωi, ηi〉‖H1,2 < ∞, where
we used that Bochner’s inequality implies supi(‖∇ωi‖L2 + ‖∇ηi‖L2) < ∞, letting i → ∞
in (7.1) with the Rellich compactness [H15, Theorem 4.9] yields ω ∈ Harm∞1 (R(X)), i.e.
Harm1(X) ⊂ Harm∞1 (R(X)).
Next let ω ∈ Harm∞1 (R(X)). Then the condition that 〈ω, η〉 ∈ H1,2(X) for any
η = f0df1 ∧ · · · ∧ dfk, where f0 ∈ LIPc(R(X)) and fi ∈ TestF (X)(i = 1, 2, . . . , k), yields
that ω is a locally H1,2-Sobolev 1-form on R(X), i.e. for any open subset U of R(X) with
U ⊂ R(X), ω can be written by ω =∑Ni=1 f0,idf1,i on U for some f0,i ∈ H1,2(U) and some
f1,i ∈ C∞(U) (c.f. the proof of [H17, Proposition 4.5]).
Since CapH
n
2 (X \ R(X)) = 0, there exists a sequence of ϕi ∈ LIPc(R(X)) such that
0 ≤ ϕi ≤ 1 and that ϕi → 1 in H1,2(X). Then it is easy to check that ϕiω ∈ H1,2H (T ∗X),
that supi ‖ϕiω‖H1,2H < ∞ and that ϕiω → ω in L
2(T ∗X). Thus we have ω ∈ H1,2H (T ∗X).
Moreover by d(ϕiω) = dϕi ∧ ω and δ(ϕiω) = −〈dϕi, ω〉, the convergence of ϕiω to ω
in L2(X) implies dω = 0 and δω = 0, which shows Harm1(X) ⊂ Harm∞1 (R(X)), i.e.
Harm1(X) = Harm∞1 (R(X)).
Remark 7.3. In Theorem 7.1 we can also check C1,α-convergence of eigenforms on each
compact subset of R(X) for any α ∈ (0, 1). In particular combining this with an argument
similar to the proof of Proposition 7.2 yields that Harm1(X) also coincides with the set
of bounded C1,α-harmonic 1-forms on R(X).
Theorem 7.4 (Rellich compactness for differential forms). Let Xi,X be as in Theorem
7.1 and let ωi ∈ H1,2H (T ∗Xi) be a sequence with supi ‖ωi‖H1,2H < ∞. Then there exist
a subsequence i(j) and ω ∈ H1,2H (T ∗X) such that ωi(j) L2-strongly converge to ω and
that dωi(j), δωi(j) L2-weakly converge to dω, δω, respectively. Similar statements for H
1,2
C -
differential k-forms hold for any k.
Proof. We only give a proof in the H1,2H -case because the proof in the other case is similar.
Since Bochner’s formula yields supi ‖ωi‖H1,2C < ∞, by W
1,2
H -stability results [H14b,
Theorems 1.12, 6.9, 7.8 and Proposition 7.1], with no loss of generality we can assume
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that there exists the L2-strong limit ω of ωi such that ω ∈ W 1,2H (T ∗X) and that dωi, δωi
L2-weakly converge to dω, δω, respectively (see [G15b, Definition 3.5.13] for the definition
of W 1,2H -Sobolev spaces for differential forms. Note that in general H
1,2
H ⊂ W 1,2H holds).
Thus it suffices to check ω ∈ H1,2H (T ∗X).
Let ηi ∈ D(∆H,1,X), ηj,i ∈ C∞(T ∗Xj) satisfy ∆H,1ηi = λH,1i (X)ηi,∆H,1ηj,i = λH,1i (Xj)ηj,i
and ‖ηi‖L2 = ‖ηj,i‖L2 = 1. In particular {ηi}i, {ηj,i}i are orthonormal bases in L2(T ∗X), in
L2(T ∗Xj), respectively. By Theorem 7.1 with no loss of generality we can assume that ηj,i
L2-strongly converge to ηj . Put ω =
∑
i aiηi in L
2(T ∗X) and ωj =
∑
i aj,iηj,i in L
2(T ∗Xj).
Then for any N ∈ N letting ωN :=∑Ni=1 aiηi ∈ H1,2H (T ∗X) and ωNj =∑Ni=1 aj,iηj,i show
‖ωN‖2
H1,2H
=
N∑
i=1
(ai)2
(
1 +
∫
X
|dηi|2 + |δηi|2dHn
)
=
N∑
i=1
(ai)2(1 + λ
H,1
i (X))
= lim
j→∞
N∑
i=1
(aj,i)2(1 + λ
H,1
i (Xj))
= lim
j→∞
‖ωNj ‖2H1,2
H
≤ lim inf
j→∞
‖ωj‖2H1,2
H
<∞,
where we used the convergence aj,i =
∫
Xj
〈ωj , ηj,i〉dHn →
∫
X〈ω, ηi〉dHn = ai as j →∞ and
a fact that ωj =
∑
i aj,iηj,i in H
1,2
H (T
∗Xj). Thus letting N →∞ gives ω ∈ H1,2H (T ∗X).
Finally we give convergence of heat flows hH,1t , h
C,l
t associated with ∆H,1,∆H,l, respec-
tively. See pages 133 and 154 of [G15b] for definitions.
Corollary 7.5 (Convergence of heat flows). Let Xi,X be as in Theorem 7.1 and let
hH,1t be the heat flow associated to ∆H,1. Then for any t ∈ (0,∞) and any L2-strong
convergent sequence of ωi ∈ L2(T ∗Xi) to ω ∈ L2(T ∗X) we see that hH,1t ωi, dhH,1t ωi, δhH,1t ωi
L2-strongly converge to hH,1t ω, dh
H,1
t ω, δh
H,1
t ω, respectively and that ∆H,1h
H,1
t ωi L
2-weakly
converge to ∆H,1h
H,1
t ω. Similar results for ∆C,l also hold for any l.
Proof. It is a direct consequence of the continuity of the Hodge Laplacian with respect
to the mGH-convergence [H14b, Theorem 7.17], the equivalence between the spectral
convergence and the convergence of the heat flow [KS03, Theorem 2.4], and Theorem
7.4.
Remark 7.6. By the spectral convergence of the connection Laplacian acting on tensor
fields [H17, Theorem 1.2], Theorem 7.4 and Corollary 7.5 not only hold for differential
forms but also hold for all tensor fields.
7.1 Duality between H0dR and H
n
dR
For an RCD(K,∞)-space (Y,m) and given f ∈ H1,2(Y ), f is harmonic on Y if and only
if df = 0. In particular if f is harmonic, then f has a Lipschitz representative with the
Lipschitz constant 0, i.e. f is constant. Combining this with the Hodge theorem shows
H0dR(Y ) ∼= R.
In this subsection we prove a part of Theorem 1.6;
Theorem 7.7 (Duality between H0dR and H
n
dR). Under the same assumptions as in The-
orem 7.1, if each Xi is orientable, then HndR(X) ∼= Rω ∼= R, where ω is an orientation of
(X,Hn).
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Proof. Let ωi be an orientation of Xi. Then by Theorem 6.8 with no loss of generality
there exists the orientation ω ∈ L∞(∧n T ∗X) associated with ωi. Moreover since the
Hodge star operator ⋆j,i :
∧i T ∗xXj → ∧n−i T ∗xXj can be regarded as ⋆j,i ∈ H1,2C (T in−iXj)
with ∇⋆j,i = 0, by Remark 7.6, with no loss of generality we can assume that there exists
⋆i ∈ H1,2C (T in−iX) with ∇⋆i = 0 such that ⋆j,i L2-strongly converge to ⋆i. Note that ⋆i is
also the Hodge star operator from
∧i T ∗X to ∧n−i T ∗X associated with ω.
Then the proof consists of 4-steps as follows;
Step 1. We see ω ∈ H1,2H (
∧n T ∗X)∩H1,2C (∧n T ∗X) with dω = 0, δω = 0 and ∇ω = 0.
Because since ∇ωi ≡ 0, dωi ≡ 0 and δωi ≡ 0, Theorem 7.4 (or Theorem 7.1) yields
that ω ∈ H1,2C (
∧n T ∗X) ∩H1,2H (∧n T ∗X) with ∇ω = 0, dω = 0 and δω = 0.
Step 2. For a Borel function f on X, the following three conditions are equivalent:
1. fω ∈ H1,2H (
∧n T ∗X),
2. fω ∈ H1,2C (
∧n T ∗X),
3. f ∈ H1,2(X).
Moreover if the above hold, then d(fω) = df ∧ ω and ∇(fω) = ω ⊗ df .
The proof is as follows. Let fω ∈ H1,2H (
∧n T ∗X). Then by the existence of an approxi-
mate sequence [H17, Theorem 3.5] (or using Corollary 7.5), there exists a smooth approxi-
mation ηj ∈ C∞(∧n T ∗Xj) such that ηj , dηj , δηj L2-strongly converge to fω, d(fω), δ(fω),
respectively. Since ∆H,n = ∆C,n on Xj , we have supj ‖ηj‖H1,2C < ∞. In particular since
|∇〈ηj , ωj〉| ≤ |∇ηj |, the Rellich compactness [H15, Theorem 4.9] with the L2-strong con-
vergence of 〈ηj , ωj〉 to 〈fω, ω〉 = f yields f ∈ H1,2(X), which completes the proof of the
implication from (1) to (3). Next we take smooth approximation fj ∈ C∞(Xj) such that
fj, dfj L
2-strongly converge to f, df , respectively (c.f. [H11, Theorem 4.2]). Then letting
j →∞ in the identity d(fjωj) = dfj ∧ ωj shows d(fω) = df ∧ ω.
Similarly we can easily prove the remaining implications and ∇(fω) = ω ⊗ df via
taking smooth approximation.
Step 3. For any η ∈ H1,2H (
∧n T ∗X), we have δη = (−1)n ⋆−1n−1 d ⋆n η.
Take a smooth approximation ηj ∈ C∞(
∧n T ∗Xj) such that ηj , dηj , δηj L2-strongly
converge to η, dη, δη, respectively. Since
δηj = (−1)n ⋆−1j,n−1 d ⋆j,n ηj (7.2)
and the left hand side above is L2-strong convergent sequence, d ⋆j,n ηj is also L2-strong
convergent sequence. Since ⋆j,nηj L2-strong converge to ⋆nη, Theorem 7.4 shows that
L2-strong limit of d ⋆j,n ηj is d ⋆n η. Thus letting j →∞ in (7.2) completes the proof.
Step 4. For a Borel function f on X, the following are equivalent:
1. fω ∈ D(∆H,n,X),
2. fω ∈ D(∆C,n,X),
3. f ∈ D(∆,X).
Moreover if the above holds, then ∆H,n(fω) = ∆C,n(fω) = (∆f)ω.
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The proof is as follows. Assume fω ∈ D(∆H,n,X). Note that step 2 yields f ∈ H1,2(X).
For any g ∈ TestF (X) since step 2 shows gω ∈ H1,2H (
∧n T ∗X), we have by step 3
∫
X
〈∆H,n(fω), gω〉dHn =
∫
X
〈d(fω), d(gω)〉 + 〈δ(fω), δ(gω)〉dHn
=
∫
X
〈⋆−1n−1d ⋆n (fω), ⋆−1n−1d ⋆n (gω)〉dHn
=
∫
X
〈df, dg〉dHn. (7.3)
On the other hand letting ∆H,n(fω) = hω for some h ∈ L2(X), (7.3) implies f ∈ D(∆,X)
with ∆f = h.
Similarly we can easily prove the remaining implications.
Step 4 and the Hodge theorem for RCD-spaces [G15b, Theorem 3.5.15] complete the
proof of Theorem 7.7.
7.2 Duality between H1dR and H
n−1
dR
In this section we prove the remaining statements in Theorem 1.6;
Theorem 7.8 (Duality between H1dR and H
n−1
dR ). Under the same assumption as in The-
orem 7.7, we have H1dR(X) ∼= Hn−1dR (X).
Proof. Let us use the same notation as in the proof of Theorem 7.7.
Step 1. For an (n − 1)-form η on X, the following are equivalent;
1. η ∈ H1,2H (
∧n−1 T ∗X),
2. η ∈ H1,2C (
∧n−1 T ∗X),
3. ⋆n−1η ∈ H1,2H (T ∗X) (recall that it was proven in [H14b, Theorem 7.12] thatH1,2C (T ∗X) =
H1,2H (T
∗X)).
Moreover if the above hold, then δη = (−1)n−1 ⋆−1n−2 d ⋆n−1 η.
The proof is as follows. Assume η ∈ H1,2H (
∧n−1 T ∗X). Then take a smooth approxi-
mation ηi ∈ C∞(
∧n−1 T ∗Xi) such that ηi, dηi, δηi L2-strongly converge to η, dη, δη. Since
‖dηi‖2L2 + ‖δηi‖2L2 = ‖d ⋆n−1 ηi‖2L2 + ‖δ ⋆n−1 ηi‖2L2 , we have supi ‖ηi‖H1,2C = supi ‖ ⋆n−1
ηi‖H1,2
C
< ∞, where we used the Bochner inequality. In particular Theorem 7.4 yields
that η ∈ H1,2C (
∧n−1 T ∗X), that ⋆n−1η ∈ H1,2H (T ∗X), and that d ⋆i,n−1 ηi, δ ⋆i,n−1 ηi L2-
weakly converge to d ⋆n−1 η, δ ⋆n−1 η, respectively. Thus letting i → ∞ in the identity
δηi = (−1)n−1 ⋆−1i,n−2 d ⋆i,n−1 ηi shows δη = (−1)n ⋆−1n−2 d ⋆n−1 η. These complete the proof
of the implication from (1) to (2) and (3). Similarly the remaining implications are easily
checked.
Step 2. For an (n − 1)-from η on X, the following are equivalent;
1. η ∈ D(∆H,n−1,X),
2. η ∈ D(∆C,n−1,X),
3. ⋆n−1η ∈ D(∆H,1,X) (recall that it was proven in [H17, Theorem 1.1] that this is
equivalent to ⋆n−1η ∈ D(∆C,1,X)).
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Moreover if the above hold, then ∆H,n−1η = ∆C,n−1η + ⋆−1n−1RicX((⋆n−1η)
∗, ·), ∆H,1 ⋆n−1
η = ⋆n−1∆H,n−1η, ⋆n−1∆C,n−1η = ∆C,1 ⋆n−1 η, where RicX ∈ L∞(T 02X) is the Ricci
curvature defined in [H17, Theorem 1.1].
Since the proof is essentially same to that of step 4 in the proof of Theorem 7.7, we
skip the proof.
Then Theorem 7.8 follows from step 2 and the Hodge theorem for RCD-spaces [G15b,
Theorem 3.5.15].
Remark 7.3 and proofs of Theorems 7.7, 7.8 yield the following:
Corollary 7.9. Harmn−1(X) coincides with Harm∞n−1(R(X)). Moreover it is also isomet-
ric to the space of bounded C1,α-harmonic (n− 1)-forms on R(X).
Finally by Theorem 7.1 and the proof of Theorem 7.8, we have the following;
Corollary 7.10. Under the same assumption as in Theorem 7.7, spectral convergence of
∆H,n−1,∆C,n−1,∆H,n = ∆C,n hold.
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